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Аннотация

Нечетное число дополнительных измерений пространства-
времени может проявиться в гравитационных волнах за
счет нарушения принципа Гюйгенса в нечетных размер-
ностях. Мы изучаем соответствующие эффекты в излуче-
нии в модели скалярного поля в размерности три. Также
мы изучаем гравитационное излучение двойной системы
в Теории Относительности с одним бесконечным допол-
нительным измерением. Мы также изучаем эффект утеч-
ки излучения с браны в рамках скалярного аналога DGP-
модели и обсуждаем возможность его экспериментального
обнаружения.

Нарушение принципа Гюйгенса

Запаздывающая функция Грина безмассового поля в про-
странстве Минковского размерности D определяется урав-
нением

�GD(x) = δ(D)(x),

GD(x) = 0, x0 < 0.

В нечетных размерностях функции Грина локализованы
внутри светового конуса [1]
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Запаздывающие безмассовые поля в нечетных размерно-
стях:
• распространяются со всеми скоростями вплоть до
скорости света,
• зависят от полной истории движения источника,
предшествующей запаздывающему времени.

Подход Рорлиха-Тейтельбойма

Для частицы с мировой линией zµ(τ) и точки наблюдения
xµ запаздывающее собственное время τ̂ определяется как
(см. рис. (1))

(xµ − ẑµ)2 = 0, x0 > ẑ0, ẑµ ≡ zµ(τ̂).

Введем три D-вектора и определим c их помощью Лоренц-
инвариантное расстояние ρ̂ [2,3] (см. рис. (1))

X̂ µ = xµ − ẑµ, X̂ 2 = 0
ûµ, û2 = −1, v̂ û = 0
ĉµ = v̂µ + ûµ, ĉ2 = 0

=⇒ X̂ µ = ρ̂ĉµ

ρ̂ = v̂ X̂ .

В подходе Рорлиха-Тейтельбойма излучаемая часть тензо-
ра энергии-импульса запаздывающего поля определяется
как дальнодействующая часть его разложения по обрат-
ным степеням ρ̂ [2,3]

T µν
rad ∼ 1/ρ̂D−2, ∂µT

µν
rad = 0, T µν

rad ∼ ĉµĉν .

Поток энергии излучения через удаленную (D−2)-мерную
сферу радиуса r определяется как

WD =

∫
dΩD−2 T

0i
rad n

i rD−2.

В теориях с ТЭИ билинейным по производным поля можно
определить излучаемую часть поля

T ∼ ∂Φ ∂Φ, Trad ∼ 1/ρ̂D−2 =⇒ [∂Φ]rad ∼ 1/ρ̂(D−2)/2.
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compelling, bypasses the need for an in!nite mass renormali-
zation, which is essential in Dirac’s derivation. However, we 
are primarily interested in the form the equation takes, not in 
how it is derived. Speci!cally, we wish to establish how the 
radiation-reaction force in it relates to the particle’s own !eld.

We !rst examine the form of the !eld. If the Lorenz gauge 
condition ∇µAµ = 0 is satis!ed, then the potential Aµ sourced 
by the particle satis!es the wave equation

!Aµ = −4πjµ, (5)

where ! := ηµν∇µ∇ν is the #at-space d’Alembertian, ηµν is 
the metric of #at spacetime, and

jµ = quµ δ
3("x −"z)

ut
 (6)

is the particle’s charge-current density. The standard retarded 
and advanced solutions to this equation are

Aµ
±(x) =

∫
Gµ

±µ′(x, x′) jµ
′
(x′)d4x′, (7)

where, in Cartesian coordinates (t,!x),

Gµ
±µ′ = δµ

µ′
δ(t − t′ ∓ |"x −"x′|)

|"x −"x′| (8)

are the retarded (upper sign) and advanced (lower sign) 
Green’s functions for !, and d4x′ = dt′d3x′ is the spacetime 
volume element. Primed indices correspond to tensors at 
x′µ = (t′,!x′). Due to the delta function in equation  (8), the 
retarded and advanced solutions Aµ

± are entirely determined 
by the state of the particle at the retarded and advanced time, 
respectively; see !gure 1.

Of course we are primarily interested in the physical, 
retarded solution. It contains both time-symmetric and time-
antisymmetric pieces, which we can obtain by splitting the 
retarded Green’s function into corresponding pieces:

Gµ
+µ′ = Gµ

S µ′ + Gµ
Rµ′ , (9)

where

Gµ
S µ′ =

1
2
(Gµ

+µ′ + Gµ
−µ′) (10)

and

Gµ
Rµ′ =

1
2
(Gµ

+µ′ − Gµ
−µ′). (11)

GS
µµ′ is a symmetric Green’s function, satisfying 

GS
µµ′(x, x′) = GS

µ′µ(x′, x) and !Gµ
S µ′ = −4πδµ

µ′δ(x − x′). 
GR

µµ′, on the other hand, is an antisymmetric homogeneous  
solution, satisfying GR

µµ′(x, x′) = −GR
µ′µ(x′, x) and !GR

µ
µ′

= 0.  
(Note that we use the symbols x and xµ interchangeably to 
label a point.) Substituting this split into equation (7) gives us 
the corresponding split of the retarded !eld,

Aµ
+ = Aµ

S + Aµ
R. (12)

The singular !eld Aµ
S =

∫
Gµ

S µ′ jµ
′
dV ′ is a relativistic gener-

alization of the Coulomb !eld. It satis!es equation (5), it is 
time-symmetric, and locally, near the particle, it behaves as 
Aµ

S ∼ quµ/|!x −!z|, becoming singular at the particle’s loca-
tion. The regular !eld Aµ

R =
∫

Gµ
Rµ′ jµ

′
dV ′, on the other hand, 

is an unbound !eld. It satis!es the homogeneous equation

!Aµ
R = 0, (13)

it is time-antisymmetric, and it is regular (actually, smooth) at 
the particle’s location.

Now return to the equation  of motion (4). By explicitly 
evaluating the Faraday tensor associated with the regular !eld, 
FR

µν = AR
µ;ν − AR

ν;µ, on the particle, and comparing the result 
to the right-hand side of equation (4) (before the order reduc-
tion described in footnote 2), one !nds that the equation of 
motion can also be written as

m
D2zµ

dτ 2 = Fµ
ext + qFµ

Rνuν . (14)

In line with its interpretation as a generalization of the Coulomb 
!eld, Aµ

S  does not appear in the equation of motion. But Aµ
R 

exerts an ordinary Lorentz force on the particle. Combined 
with the fact that Aµ

R is a homogeneous !eld, this suggests 
that from the particle’s perspective, Aµ

R is indistinguishable 
from an external !eld. If we de!ne the effective external !eld 
Ãµ

ext = Aµ
ext + Aµ

R  (and associated Faraday tensor F̃ext
µν ), then 

the equation of motion is simply the Lorentz-force law

zµ
ret

xµ

zµ
adv

xµ

zµ
ret

zµ
adv

xµ

Figure 1. Relevant points for the retarded !eld Aµ
+ (left), advanced !eld Aµ

− (middle), and singular and regular !elds Aµ
S  and Aµ

R (right) 
in #at spacetime. Aµ

+ at the point xµ depends on the state of the particle at the retarded point zµ
ret = zµ(τret), where the particle’s worldline 

intersects xµ’s past light cone. Aµ
− at xµ depends on the state of the particle at the advanced point zµ

adv = zµ(τadv), where the particle’s 
worldline intersects xµ’s future light cone. Aµ

S  and Aµ
R each depend on the state of the particle at both zµ

ret and zµ
adv.
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идет о классической модели, отношение которой к хромодинамической реB
альности не вполне ясно. Термин "конфайнмент" употребляется для обознаB
чения ситуации, характеризуемой наличием линейно растущего члена в векB
торBпотенциале и, как будет показано, осуществлением режима поглощения
глюонного поля, что, очевидно, препятствует обнаружению ускоренного цветB
ного заряда. Напротив, "деконфайнмент" соответствует ситуации, в которой
отсутствует линейно растущий член в векторBпотенциале, и все явления проB
исходят в полной аналогии с электродинамическими. В целом модель вполне
содержательна и не противоречит какимBлибо фундаментальным физическим
принципам. Цветные степени свободы, равномерно распределенные во всем
пространстве, не сказываются на соблюдении закона Гаусса, не дают вклада
в интегральные величины типа 4Bимпульса и, следовательно, не излучаются
и не поглощаются.

2. Электродинамика

Рассмотрим поле электрического заряда е, движущегося по произвольной
мировой линии параметризованной собственным временем ОбознаB
чим 4Bскорость 4Bускорение Метрический тензор
выберем в виде diag(+ – – –). Примем гауссову систему единиц, скоB
рость света положим равной 1. Определим проектор на гиперплоскость,
ортогональную неизотропному вектору

где кинематические величины отноB
сятся к запаздывающему моменту

определяемому из условий

Напомним некоторые элементы
техники ковариантных запаздываюB
щих величин [4]. Обозначим

В плоскости, натяB
нутой на векторы построим
мнимоединичный вектор ортогоB
нальный и изотропный вектор

(см. рисунок). АналитиB
чески это выразится в виде

Рис. 1: Ковариантные запаздывающие величины.
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Скалярное поле в трех измерениях

Уравнение движения скалярного поля, взаимодействую-
щего с точечным зарядом

�ϕ(x) = −j(x), j(x) = g

∫
dτ δ(3)(x − z).

Излучаемая часть поля в размерности три имеет вид [4]

[∂µϕ]rad =
g ĉµ

23/2πρ̂1/2

∫ τ̂

−∞
dτ

aĉ

(v ĉ)2
√
Zĉ

Zµ = ẑµ − zµ, aµ = d2zµ/dτ 2.

В нерелятивистском пределе, мощность излучения заряда
записывается как

dW3

dΩ1
=

g2

8π2

[ ∫ t̄

−∞
dt ′

na√
t̄ − t ′

]2

, t̄ = t − r .

Хвостовой вклад проявляется в излучении заряда на эл-
липтической орбите за счет сдвигов точек экстремума
мощности излучения во времени с моментов прохождения
зарядом перицентра и апоцентра орбиты

W3 =
g2ω3

0a
2

4π

∫
dΩ1 J

2, J ' J(0) + eJ(1) + e2J(2)

z(t) = {ρ cosψ, ρ sinψ} , ωt = ξ − e sin ξ

ρ = a(1− e cos ξ), cosψ =
cos ξ − e

1− e cos ξ
.
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ABSTRACT 

Odd number of extra spacetime dimensions can 
manifest itself in gravitational waves due to the 
Huygens principle violation. The corresponding 
effects in radiation are studied in the simple model of 
scalar field in odd dimensions. Also, we study the 
gravitational radiation of a binary system in the 
General Relativity with one extra dimension. We, also, 
study the effect of leakage of radiation from the brane 
in the scalar field analog of the DGP-model of gravity 
and analyse the possibility of its detection.

HUYGENS PRINCIPLE VIOLATION 

Retarded Green’s function of massless field in  
dimensions is defined by equation





In odd dimensions, Green’s functions are localised 
inside the light cone [1]





Therefore, retarded massless fields of localised 
sources in odd dimensions:

• propagate with all velocities up to the speed of 

light,

• depend on the entire history of the source’s motion 

preceding retarded time.

D

□ GD(x) = δ(D)(x),
GD(x) = 0, x0 < 0.

G2n+1(x) = (−1)n−1
(2π )n−1 ( 1

r
d

d r )
n−1

G3(x),

G3(x) = θ (t )
2π

θ (x2)
x2 , t = x0, r = |x | ,

G5(x) = θ (t )
2π2 [ δ (x2)

x2 − 1
2

θ (x2)
(x2)3/2 ] .

ROHRLICH-TEITELBOIM APPROACH 

For particle with world line  and observation 
point  retarded proper time  is defined as




Introduce three -vectors and define the Lorentz-
invariant distance 





In Rohrlich-Teitelboim approach, radiated part of 
the retarded field’s energy-momentum tensor is 
defined as the long-range part of its expansion in the 
inverse powers of distance  [2,3]





Therefore, radiation energy flux through the distant 
-dimensional sphere of radius  is given by





For the energy-momentum tensor bilinear in the 
field derivatives one defines emitted part of the field


 



Fig. 1. Retarded covariant quantities [3].

z (τ )
x ̂τ

(xμ − ̂zμ)2 = 0, x0 > ̂z0, ̂zμ ≡ zμ( ̂τ ) .
D

̂ρ
X̂μ = xμ − ̂zμ, X̂2 = 0

̂uμ, ̂u2 = − 1, ( ̂v ̂u ) = 0
̂cμ = ̂vμ + ̂uμ, ̂c2 = 0

⟹ X̂μ = ̂ρ ̂cμ

̂ρ = ( ̂vX̂ ) .

̂ρ
T μν

rad ∼ 1/ ̂ρD−2, ∂μT μν
rad = 0, T μν

rad ∼ ̂cμ ̂cν .

(D − 2) r

WD = ∫ d ΩD−2 T 0irad ni r D−2 .

T ∼ ∂Φ ∂Φ ⟹ [∂Φ]rad ∼ 1/ ̂ρ(D−2)/2 .
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m
D2zµ

dτ 2 = qF̃µ
ext νuν . (15)

Equation (15) provides an alternative description of the 
self-force, one that is not tied to dissipation or radiation-reac-
tion, and one much closer to the Newtonian picture: whatever 
its !eld does, a particle is always governed by the Lorentz 
force exerted by what it perceives to be the ‘external’ !eld. 
However, we stress that this is only an effective external !eld. 
Away from the particle, Aµ

R is not physical. It depends not 
only on the retarded point zµ(τret) on the particle’s worldline, 
but also on the advanced point zµ(τadv) (see !gure 1). Hence, 
it is not causal. Only in the limit to the particle, where the 
retarded and advanced points merge, does it become physi-
cally meaningful.

After the inception of the EMRI modelling programme in 
1996, this idea of a particle (or small object) behaving as a test 
particle in an effective external !eld was most famously advo-
cated by Detweiler. It occupies a central place in self-force 
theory, and we will return to it at every stage of this review.

2.3. Electromagnetic self-force in curved spacetime

The move to curved spacetime brings a major change to the 
physics of the problem. In #at spacetime, waves propagate at 
the speed of light, along null rays: but in curved spacetime, 
waves scatter off the spacetime curvature, causing solutions 
to propagate not just on lightcones, but also within them. 
Because of this, the retarded potential Aµ

+ depends not only on 
the state of the particle at the retarded point zµ(τret), but on its 
state at all prior points zµ(τ < τret), as illustrated in !gure 2. 
This causes an important change to the equation of motion (4), 
which becomes

m
D2zµ

dτ 2 = Fµ
ext + q2(δµ

ν + uµuν)
(

2
3m

DFνext

dτ
+

1
3

Rνρuρ
)

+ 2q2uν

∫ τ−

−∞
∇[µGν]+µ′uµ′

dτ ,

 (16)

where Rνρ is the Ricci tensor of the spacetime, and Gµ
+µ′ is 

the retarded Green’s function for the curved-space wave equa-
tion (equation (17), below). The !nal term in this equation is 
a ‘tail’. It is an integral over the entire past history of the par-
ticle, up to τ− = τ − 0+, accounting for all the waves that 
have scattered back to the particle after having been created 
by it in its past.

Equation (16) was !rst derived by DeWitt and Brehme 
[37] (as corrected by Hobbs [38]) using the same approach 
as Dirac, considering conservation of stress–energy within a 
small tube around the particle. Like in the case of #at space-
time, the most rigorous derivation follows from considering 
the point-particle limit of an extended charge distribution; this 
has been done by Harte [25, 39], who derived the exact equa-
tion of motion of an arbitrary charge distribution and then took 
the point-particle limit. But also like in the #at-space case, for 
the moment we are more interested in the form of the equa-
tion than its derivation.

Despite the changes in the physics of the solution, the fun-
damental picture from the preceding section  remains valid: 
the particle feels a Lorentz force due to an effective external 
!eld Ãext

µ = Aext
µ + AR

µ, and the equation of motion (16) can be 
rewritten in the form (15).

To motivate the form of the regular !eld AR
µ, we begin with 

the !eld equation that the particle’s potential Aµ satis!es. In 
the Lorenz gauge, it reads

!Aµ − Rµ
νAν = −4πjµ, (17)

where ! := gµν∇µ∇ν, and gµν is the metric of the spacetime. 
The retarded solution is given by Aµ

+ =
∫

Gµ
+µ′ jµ

′
dV ′, where 

dV ′ =
√−g′d4x′ is a covariant volume element, with g′ being 

the determinant of gµν at the integration point x′µ. We wish to 
split this solution into appropriate singular and regular pieces 
in analogy with equation  (12). We !rst note that in curved 
spacetime, the self-force can plainly not be described as the 
Lorentz force exerted by the potential 1

2 (Aµ
+ − Aµ

−): just as  
the retarded solution Aµ

+ depends on the entire past history of 
the particle, the advanced solution Aµ

− depends on its entire 

zµ
ret

xµ

zµ
adv

xµ

zµ
ret

zµ
adv

xµ

zµ
ret

zµ
adv

xµ

Figure 2. Relevant points for (left to right) the retarded !eld Aµ
+, advanced !eld Aµ

−, singular !eld Aµ
S , and regular !eld Aµ

R in curved 
spacetime. Aµ

+ at the point xµ depends not just on the state of the particle at the retarded point on xµ’s past light cone, but also on the 
particle’s state at all points within the past light cone. Analogously, Aµ

− depends on the state of the particle at all points on and within xµ’s  
future light cone. Aµ

S  depends on the state of the particle at all points on and outside xµ’s past and future light cones. Aµ
R depends on the 

state of the particle at the advanced point zµ
adv = zµ(τadv) and at all prior points zµ(τ < τadv).
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идет о классической модели, отношение которой к хромодинамической реB
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2. Электродинамика

Рассмотрим поле электрического заряда е, движущегося по произвольной
мировой линии параметризованной собственным временем ОбознаB
чим 4Bскорость 4Bускорение Метрический тензор
выберем в виде diag(+ – – –). Примем гауссову систему единиц, скоB
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где кинематические величины отноB
сятся к запаздывающему моменту

определяемому из условий

Напомним некоторые элементы
техники ковариантных запаздываюB
щих величин [4]. Обозначим

В плоскости, натяB
нутой на векторы построим
мнимоединичный вектор ортогоB
нальный и изотропный вектор

(см. рисунок). АналитиB
чески это выразится в виде

SCALAR FIELD IN ODD DIMENSIONS 

Equation of motion of scalar field interacting with 
the point charge





Emitted part of the field in three dimensions [4]





In the non-relativistic limit, radiation power of the 
charge is written as





□ φ (x) = − j (x), j (x) = g∫ d τ δ(D)(x − z ) .

[∂μφ]rad = g ̂cμ
23/2π ̂ρ1/2 ∫

̂τ

−∞
d τ

(a ̂c )
(v ̂c )2

1
(Z ̂c )

Z μ = ̂zμ − zμ, aμ = d2zμ /d τ2 .

d W3
d Ω1

= g2
8π2 [ ∫

t̄

−∞
d t′￼ na

t̄ − t′￼]
2

, t̄ = t − r .

FIVE-DIMENSIONAL QUADRUPOLE FORMULA 

Linearised equations of motion of five-dimensional 
gravitational field interacting with the binary system 
localised on the 3-brane





Energy-momentum tensor of gravitational field





Five polarisations of the gravitational field








We find the five-dimensional quadrupole formula for 
the gravitational radiation power of binary system [5]


5 □ h̄MN = − 2κ5δ μ
M δν

N(TPμν + TFμν)δ (x4)
TPμν = ∑ ma∫ d τa ·zaμ ·zaν δ(4)(x − za)

TFμν = 1
4π [∂μφ ∂νφ − 1

2 ημν∂αφ ∂αφ] .

tMN = 1
4κ5 ⟨∂M h̄tt

ij ∂N h̄tt
ij⟩

h̄tt0M = 0, ∂i h̄tt
ij = 0, h̄tt

ij = 0.

h̄tt
ij =

h+ − 1
2 h∘ h× 0 h⊕

h× −h+ − 1
2 h∘ 0 h⊗

0 0 0 0
h⊕ h⊗ 0 h∘

h+ = 1
2 (h11 − h22), h× = h12,

h∘ = 2
3 h44 − 1

3 (h11 + h22) .

d W5
d Ω3

= κ5
128π 4 ⟨𝒜tt

ij𝒜tt
ij⟩, 𝒜ij = ∫

t̄

−∞
d t′￼

····Q ij

t̄ − t′￼
d W5
d Ω3

= κ5
64π 4 ⟨𝒜2+ + 𝒜2× + 3

4 𝒜2∘ + 𝒜2⊕ + 𝒜2⊗⟩ .

LEAKAGE OF RADIATION IN THE DGP-MODEL 

Scalar field analog of the DGP-model of gravity [6]





Effective equation of motion and the energy-
momentum tensor of the field on the 3-brane [7]





Retarded Green’s function of the field on the brane





Emitted part of the field on the brane in the non-
relativistic limit [8]





Effective four-dimensional radiation power of the 
charge on the circular orbit


S = M35 ∫ d 4x d y ∂ M φ ∂M φ

+M24 ∫ d 4x d y δ (y) ∂μφ ∂μφ .

4 □ φ − 2mc 4 □ φ = − 1
2M 24

j (x), mc = M35
M 24

Tμν = 2M24(∂μφ ∂νφ − 1
2 ημν∂αφ ∂αφ) .

G (x) = 1
π ∫

∞
0

d μ ρ (μ) G4(x | μ), ρ (μ) = 4m2c
μ2 + 4m2c

G4(x | μ) = θ (t )
2π [δ (x2)J0(μ x2) − 1

2
θ (x2)

x2 μ J1(μ x2)] .

[∂μφ]rad = − g c̄μ
8π2M35r ∫

t̄

−∞
d t′￼n ·a

× ∫
∞
0

d μ ρ (μ) J0(μ 2r (t̄ − t′￼)) .

CONCLUSIONS 

• In odd dimensions, radiation can be computed in a 
standard way by integration of the energy flux in 
the wave zone by use of the Rohrlich-Teitelboim 
approach.


• The radiation energy flux depends on the history of 
the source motion preceding the retarded time.


• In the model of scalar field in three dimensions, the 
presence of a non-local tail term in radiation in odd 
dimensions is demonstrated.


• The five-dimensional quadrupole formula for the 
gravitational radiation power of a non-relativistic 
binary system on a 3-brane is obtained.


• In the scalar field analog of the DGP-model, the 
intensity of radiation leakage from the brane is 
estimated for the case of a non-relativistic charge 
on the circular orbit.


• For ~10-42 GeV, intensity of radiation leakage is 
extremely small and unaccessible for observation.


• Radiation leakage can only be detected for a larger 
values of the characteristic scale of the DGP-model 

10-27 GeV.

mc
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Рис. 2: Зависимость мощности излучения заряда на эллиптической
орбите в размерности три от его положения на орбите.

Пятимерная квадрупольная формула

Уравнение движения возмущений пятимерного гравитаци-
онного поля, взаимодействующего с двойной системой ло-
кализованной на 3-бране

5�h̄MN = −2κ5δ
µ
Mδ

ν
N

(
TP
µν + TF

µν

)
δ(x4)

TP
µν =

∑
ma

∫
dτa żaµżaν δ

(4)(x − za)

TF
µν =

1
4π

[
∂µϕ∂νϕ−

1
2
ηµν∂

αϕ∂αϕ
]
.

Тензор энергии-импульса гравитационного поля

tMN =
1
4κ5

〈
∂M h̄

tt
ij ∂N h̄

tt
ij

〉

h̄tt
0M = 0, ∂ i h̄tt

ij = 0, h̄tt
ij = 0.

В размерности D = 5 гравитационное поле имеет пять по-
ляризаций, но наблюдатель на 3-бране детектирует лишь
три из них

h̄tt
ij =




h+ − 1
2h◦ h× 0 h⊕

h× −h+ − 1
2h◦ 0 h⊗

0 0 0 0
h⊕ h⊗ 0 h◦




h+ =
1
2

(h11 − h22) , h× = h12,

h◦ =
2
3
h44 −

1
3

(h11 + h22) .

Квадрупольная формула для мощности гравитационного
излучения нерелятивистской двойной системы [5]

dW5

dΩ3
=

κ5

128π4

〈
Att

ij Att
ij

〉
, Aij =

∫ t̄

−∞
dt ′

....
Q ij√
t̄ − t ′

dW5

dΩ3
=

κ5

64π4

〈
A2

+ +A2
× +

3
4
A2◦ +A2

⊕ +A2
⊗

〉
.

Двойная система, локализованная на 3-бране, генериру-
ет все пять поляризаций гравитационного поля. При этом
дышащая мода h◦ переносит на 25% меньше энергии, чем
другие поляризации.
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Утечка излучения в DGP-модели

Скалярный аналог DGP-модели гравитации [6]

S = M3
5

∫
d5X
√
−GR

+ M2
4

∫
d4x
√−gR

=⇒
S = M3

5

∫
d4x dy (∂Mϕ)2

+ M2
4

∫
d4x dy δ(y) (∂µϕ)2.

Эффективные четырехмерные уравнение движения и тен-
зор энергии-импульса поля на 3-бране [7]

4�ϕ− 2mc

√
4�ϕ = − 1

2M2
4
j(x), mc =

M3
5

M2
4

Tµν = 2M2
4

(
∂µϕ∂νϕ−

1
2
ηµν∂

αϕ∂αϕ
)
.

Гравитон на бране является метастабильной частицей со
временем жизни 1/mc . Это приводит к утечке гравитаци-
онных волн с браны на больших расстояниях от источника.
Запаздывающая функция Грина поля на 3-бране

GDGP(x) =
1
π

∫ ∞

0
dµ ρ(µ)G4(x |µ), ρ(µ) =

4m2
c

µ2 + 4m2
c

G4(x |µ) =
θ(t)

2π

[
δ(x2)J0

(
µ
√
x2
)
− 1

2
θ(x2)√

x2
µJ1
(
µ
√
x2
)]
.

Излучаемая часть поля точечного заряда на бране в нере-
лятивистском пределе

[∂µϕ]rad = − g c̄µ
8π2M3

5 r

∫ t̄

−∞
dt ′ nȧ

∫ ∞

0
dµ ρ(µ)

× J0
(
µ
√
2r(t̄ − t ′)

)
, c̄µ = {1,n}.

Эффективная четырехмерная мощность излучения заряда
на круговой орбите [8]

W (r) = W0

[
1− 2C (x)− 2S(x) + 2C 2(x) + 2S2(x)

]

W0 =
g2R2ω4

24πM2
4
, x ≡

√
2r̄/ω̄, r̄ = rmc , ω̄ =

ω

mc
,

где S(x),C (x) – интегралы Френеля. Вводя нормирован-
ную мощность излучения W и определяя интенсивность
утечки излучения с браны ∆W как

W (r̄) = W (r̄)/W0, ∆W = 1−W (1),

находим, что для mc ∼ 10−42 ГэВ интенсивность утечки
излучения крайне мала [8]
• LIGO/VIRGO: ∆W ∼ 2 · 10−10,
• LISA: ∆W ∼ 9 · 10−8,
• Реалистичный случай: ∆W > 10−2 ↔ mc > 10−27 ГэВ.
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ABSTRACT 

Odd number of extra spacetime dimensions can 
manifest itself in gravitational waves due to the 
Huygens principle violation. The corresponding 
effects in radiation are studied in the simple model of 
scalar field in odd dimensions. Also, we study the 
gravitational radiation of a binary system in the 
General Relativity with one extra dimension. We, also, 
study the effect of leakage of radiation from the brane 
in the scalar field analog of the DGP-model of gravity 
and analyse the possibility of its detection.

HUYGENS PRINCIPLE VIOLATION 

Retarded Green’s function of massless field in  
dimensions is defined by equation





In odd dimensions, Green’s functions are localised 
inside the light cone [1]





Therefore, retarded massless fields of localised 
sources in odd dimensions:

• propagate with all velocities up to the speed of 

light,

• depend on the entire history of the source’s motion 

preceding retarded time.

D

□ GD(x) = δ(D)(x),
GD(x) = 0, x0 < 0.

G2n+1(x) = (−1)n−1
(2π )n−1 ( 1

r
d

d r )
n−1

G3(x),

G3(x) = θ (t )
2π

θ (x2)
x2 , t = x0, r = |x | ,

G5(x) = θ (t )
2π2 [ δ (x2)

x2 − 1
2

θ (x2)
(x2)3/2 ] .

ROHRLICH-TEITELBOIM APPROACH 

For particle with world line  and observation 
point  retarded proper time  is defined as




Introduce three -vectors and define the Lorentz-
invariant distance 





In Rohrlich-Teitelboim approach, radiated part of 
the retarded field’s energy-momentum tensor is 
defined as the long-range part of its expansion in the 
inverse powers of distance  [2,3]





Therefore, radiation energy flux through the distant 
-dimensional sphere of radius  is given by





For the energy-momentum tensor bilinear in the 
field derivatives one defines emitted part of the field


 



Fig. 1. Retarded covariant quantities [3].

z (τ )
x ̂τ

(xμ − ̂zμ)2 = 0, x0 > ̂z0, ̂zμ ≡ zμ( ̂τ ) .
D

̂ρ
X̂μ = xμ − ̂zμ, X̂2 = 0

̂uμ, ̂u2 = − 1, ( ̂v ̂u ) = 0
̂cμ = ̂vμ + ̂uμ, ̂c2 = 0

⟹ X̂μ = ̂ρ ̂cμ

̂ρ = ( ̂vX̂ ) .

̂ρ
T μν

rad ∼ 1/ ̂ρD−2, ∂μT μν
rad = 0, T μν

rad ∼ ̂cμ ̂cν .

(D − 2) r

WD = ∫ d ΩD−2 T 0irad ni r D−2 .

T ∼ ∂Φ ∂Φ ⟹ [∂Φ]rad ∼ 1/ ̂ρ(D−2)/2 .
Review

7

m
D2zµ

dτ 2 = qF̃µ
ext νuν . (15)

Equation (15) provides an alternative description of the 
self-force, one that is not tied to dissipation or radiation-reac-
tion, and one much closer to the Newtonian picture: whatever 
its !eld does, a particle is always governed by the Lorentz 
force exerted by what it perceives to be the ‘external’ !eld. 
However, we stress that this is only an effective external !eld. 
Away from the particle, Aµ

R is not physical. It depends not 
only on the retarded point zµ(τret) on the particle’s worldline, 
but also on the advanced point zµ(τadv) (see !gure 1). Hence, 
it is not causal. Only in the limit to the particle, where the 
retarded and advanced points merge, does it become physi-
cally meaningful.

After the inception of the EMRI modelling programme in 
1996, this idea of a particle (or small object) behaving as a test 
particle in an effective external !eld was most famously advo-
cated by Detweiler. It occupies a central place in self-force 
theory, and we will return to it at every stage of this review.

2.3. Electromagnetic self-force in curved spacetime

The move to curved spacetime brings a major change to the 
physics of the problem. In #at spacetime, waves propagate at 
the speed of light, along null rays: but in curved spacetime, 
waves scatter off the spacetime curvature, causing solutions 
to propagate not just on lightcones, but also within them. 
Because of this, the retarded potential Aµ

+ depends not only on 
the state of the particle at the retarded point zµ(τret), but on its 
state at all prior points zµ(τ < τret), as illustrated in !gure 2. 
This causes an important change to the equation of motion (4), 
which becomes

m
D2zµ

dτ 2 = Fµ
ext + q2(δµ

ν + uµuν)
(

2
3m

DFνext

dτ
+

1
3

Rνρuρ
)

+ 2q2uν

∫ τ−

−∞
∇[µGν]+µ′uµ′

dτ ,

 (16)

where Rνρ is the Ricci tensor of the spacetime, and Gµ
+µ′ is 

the retarded Green’s function for the curved-space wave equa-
tion (equation (17), below). The !nal term in this equation is 
a ‘tail’. It is an integral over the entire past history of the par-
ticle, up to τ− = τ − 0+, accounting for all the waves that 
have scattered back to the particle after having been created 
by it in its past.

Equation (16) was !rst derived by DeWitt and Brehme 
[37] (as corrected by Hobbs [38]) using the same approach 
as Dirac, considering conservation of stress–energy within a 
small tube around the particle. Like in the case of #at space-
time, the most rigorous derivation follows from considering 
the point-particle limit of an extended charge distribution; this 
has been done by Harte [25, 39], who derived the exact equa-
tion of motion of an arbitrary charge distribution and then took 
the point-particle limit. But also like in the #at-space case, for 
the moment we are more interested in the form of the equa-
tion than its derivation.

Despite the changes in the physics of the solution, the fun-
damental picture from the preceding section  remains valid: 
the particle feels a Lorentz force due to an effective external 
!eld Ãext

µ = Aext
µ + AR

µ, and the equation of motion (16) can be 
rewritten in the form (15).

To motivate the form of the regular !eld AR
µ, we begin with 

the !eld equation that the particle’s potential Aµ satis!es. In 
the Lorenz gauge, it reads

!Aµ − Rµ
νAν = −4πjµ, (17)

where ! := gµν∇µ∇ν, and gµν is the metric of the spacetime. 
The retarded solution is given by Aµ

+ =
∫

Gµ
+µ′ jµ

′
dV ′, where 

dV ′ =
√−g′d4x′ is a covariant volume element, with g′ being 

the determinant of gµν at the integration point x′µ. We wish to 
split this solution into appropriate singular and regular pieces 
in analogy with equation  (12). We !rst note that in curved 
spacetime, the self-force can plainly not be described as the 
Lorentz force exerted by the potential 1

2 (Aµ
+ − Aµ

−): just as  
the retarded solution Aµ

+ depends on the entire past history of 
the particle, the advanced solution Aµ

− depends on its entire 

zµ
ret

xµ

zµ
adv

xµ

zµ
ret

zµ
adv

xµ

zµ
ret

zµ
adv

xµ

Figure 2. Relevant points for (left to right) the retarded !eld Aµ
+, advanced !eld Aµ

−, singular !eld Aµ
S , and regular !eld Aµ

R in curved 
spacetime. Aµ

+ at the point xµ depends not just on the state of the particle at the retarded point on xµ’s past light cone, but also on the 
particle’s state at all points within the past light cone. Analogously, Aµ

− depends on the state of the particle at all points on and within xµ’s  
future light cone. Aµ

S  depends on the state of the particle at all points on and outside xµ’s past and future light cones. Aµ
R depends on the 

state of the particle at the advanced point zµ
adv = zµ(τadv) and at all prior points zµ(τ < τadv).
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идет о классической модели, отношение которой к хромодинамической реB
альности не вполне ясно. Термин "конфайнмент" употребляется для обознаB
чения ситуации, характеризуемой наличием линейно растущего члена в векB
торBпотенциале и, как будет показано, осуществлением режима поглощения
глюонного поля, что, очевидно, препятствует обнаружению ускоренного цветB
ного заряда. Напротив, "деконфайнмент" соответствует ситуации, в которой
отсутствует линейно растущий член в векторBпотенциале, и все явления проB
исходят в полной аналогии с электродинамическими. В целом модель вполне
содержательна и не противоречит какимBлибо фундаментальным физическим
принципам. Цветные степени свободы, равномерно распределенные во всем
пространстве, не сказываются на соблюдении закона Гаусса, не дают вклада
в интегральные величины типа 4Bимпульса и, следовательно, не излучаются
и не поглощаются.

2. Электродинамика

Рассмотрим поле электрического заряда е, движущегося по произвольной
мировой линии параметризованной собственным временем ОбознаB
чим 4Bскорость 4Bускорение Метрический тензор
выберем в виде diag(+ – – –). Примем гауссову систему единиц, скоB
рость света положим равной 1. Определим проектор на гиперплоскость,
ортогональную неизотропному вектору

где кинематические величины отноB
сятся к запаздывающему моменту

определяемому из условий

Напомним некоторые элементы
техники ковариантных запаздываюB
щих величин [4]. Обозначим

В плоскости, натяB
нутой на векторы построим
мнимоединичный вектор ортогоB
нальный и изотропный вектор

(см. рисунок). АналитиB
чески это выразится в виде

SCALAR FIELD IN ODD DIMENSIONS 

Equation of motion of scalar field interacting with 
the point charge





Emitted part of the field in three dimensions [4]





In the non-relativistic limit, radiation power of the 
charge is written as





□ φ (x) = − j (x), j (x) = g∫ d τ δ(D)(x − z ) .

[∂μφ]rad = g ̂cμ
23/2π ̂ρ1/2 ∫

̂τ

−∞
d τ

(a ̂c )
(v ̂c )2

1
(Z ̂c )

Z μ = ̂zμ − zμ, aμ = d2zμ /d τ2 .

d W3
d Ω1

= g2
8π2 [ ∫

t̄

−∞
d t′￼ na

t̄ − t′￼]
2

, t̄ = t − r .

FIVE-DIMENSIONAL QUADRUPOLE FORMULA 

Linearised equations of motion of five-dimensional 
gravitational field interacting with the binary system 
localised on the 3-brane





Energy-momentum tensor of gravitational field





Five polarisations of the gravitational field








We find the five-dimensional quadrupole formula for 
the gravitational radiation power of binary system [5]


5 □ h̄MN = − 2κ5δ μ
M δν

N(TPμν + TFμν)δ (x4)
TPμν = ∑ ma∫ d τa ·zaμ ·zaν δ(4)(x − za)

TFμν = 1
4π [∂μφ ∂νφ − 1

2 ημν∂αφ ∂αφ] .

tMN = 1
4κ5 ⟨∂M h̄tt

ij ∂N h̄tt
ij⟩

h̄tt0M = 0, ∂i h̄tt
ij = 0, h̄tt

ij = 0.

h̄tt
ij =

h+ − 1
2 h∘ h× 0 h⊕

h× −h+ − 1
2 h∘ 0 h⊗

0 0 0 0
h⊕ h⊗ 0 h∘

h+ = 1
2 (h11 − h22), h× = h12,

h∘ = 2
3 h44 − 1

3 (h11 + h22) .

d W5
d Ω3

= κ5
128π 4 ⟨𝒜tt

ij𝒜tt
ij⟩, 𝒜ij = ∫

t̄

−∞
d t′￼

····Q ij

t̄ − t′￼
d W5
d Ω3

= κ5
64π 4 ⟨𝒜2+ + 𝒜2× + 3

4 𝒜2∘ + 𝒜2⊕ + 𝒜2⊗⟩ .

LEAKAGE OF RADIATION IN THE DGP-MODEL 

Scalar field analog of the DGP-model of gravity [6]





Effective equation of motion and the energy-
momentum tensor of the field on the 3-brane [7]





Retarded Green’s function of the field on the brane





Emitted part of the field on the brane in the non-
relativistic limit [8]





Effective four-dimensional radiation power of the 
charge on the circular orbit


S = M35 ∫ d 4x d y ∂ M φ ∂M φ

+M24 ∫ d 4x d y δ (y) ∂μφ ∂μφ .

4 □ φ − 2mc 4 □ φ = − 1
2M 24

j (x), mc = M35
M 24

Tμν = 2M24(∂μφ ∂νφ − 1
2 ημν∂αφ ∂αφ) .

G (x) = 1
π ∫

∞
0

d μ ρ (μ) G4(x | μ), ρ (μ) = 4m2c
μ2 + 4m2c

G4(x | μ) = θ (t )
2π [δ (x2)J0(μ x2) − 1

2
θ (x2)

x2 μ J1(μ x2)] .

[∂μφ]rad = − g c̄μ
8π2M35r ∫

t̄

−∞
d t′￼n ·a

× ∫
∞
0

d μ ρ (μ) J0(μ 2r (t̄ − t′￼)) .

CONCLUSIONS 

• In odd dimensions, radiation can be computed in a 
standard way by integration of the energy flux in 
the wave zone by use of the Rohrlich-Teitelboim 
approach.


• The radiation energy flux depends on the history of 
the source motion preceding the retarded time.


• In the model of scalar field in three dimensions, the 
presence of a non-local tail term in radiation in odd 
dimensions is demonstrated.


• The five-dimensional quadrupole formula for the 
gravitational radiation power of a non-relativistic 
binary system on a 3-brane is obtained.


• In the scalar field analog of the DGP-model, the 
intensity of radiation leakage from the brane is 
estimated for the case of a non-relativistic charge 
on the circular orbit.


• For ~10-42 GeV, intensity of radiation leakage is 
extremely small and unaccessible for observation.


• Radiation leakage can only be detected for a larger 
values of the characteristic scale of the DGP-model 

10-27 GeV.
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Рис. 3: Зависимость эффективной мощности излучения заряда на
круговой орбите на бране от расстояния до наблюдателя.

Заключение
• В нечетных размерностях излучение можно
вычислить интегрированием потока энергии в
волновой зоне с помощью применения подхода
Рорлиха-Тейтельбойма к излучению.
• Поток энергии излучения зависит от истории
движения источника, предшествующей
запаздывающему времени.
• В модели скалярного поля в трех измерениях
показано наличие нелокального хвостового сигнала в
излучении заряда на эллиптической орбите.
• Получена пятимерная квадрупольная формула для
мощности гравитационного излучения
нерелятивистской двойной системы на 3-бране.
• В скалярно-полевом аналоге DGP-модели оценена
интенсивность утечки излучения с браны для случая
нерелятивистского заряда на круговой орбите.
• Для mc ∼ 10−42 ГэВ интенсивность утечки излучения
крайне мала и недоступна для экспериментального
наблюдения.
• Утечка излучения может быть обнаружена при
больших значениях характерной массы DGP-модели
mc > 10−27 ГэВ.


