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Òåîðèÿ âëîæåíèÿ
Èíäóöèðîâàííàÿ ìåòðèêà:

(∂µy
a)(∂νy

b)ηab = gµν , (1)

ãäå ηab � ìåòðèêà îáúåìëþùåãî ïðîñòðàíñòâà Ìèíêîâñêîãî ðàçìåðíîñòè 9+1, à gµν � ìåòðèêà
ïîâåðõíîñòè ðàçìåðíîñòè 3+1. y a � ïàðàìåòðè÷åñêè çàäàííàÿ ôóíêöèÿ âëîæåíèÿ.
Ðàññìîòðèì äåéñòâèå Ýéíøòåéíà�Ãèëüáåðòà:

SEH = − 1

2κ

∫
d4x

√
−gR + Sm. (2)

Óðàâíåíèÿ äâèæåíèÿ (T. Regge, C. Teitelboim, Proceedings of the First Marcel Grossmann Meeting
(Trieste, Italy, 1975), ed. R. Ru�ni, North-Holland, Amsterdam, 1977, 77�88, arXiv:1612.05256):

Dµ ((G
µν − κTµν)∂νy

a) = 0, (3)

èëè, â áîëåå óäîáíîé ôîðìå:

(Gµν − κTµν)baµν = 0 ⇒

{
Gµν = κ(Tµν + τµν)

τµνbaµν = 0
, (4)

ãäå baµν = Dµ∂νy
a � êîýôôèöèåíòû âòîðîé ôóíäàìåíòàëüíîé ôîðìû ïîâåðõíîñòè.
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Òåîðèÿ âëîæåíèÿ

Ðàññìîòðèì ñëåäóþùåå äåéñòâèå:

S = − 1

2κ

∫
d4x

√
−gR +

1

2

∫
d4x

√
−g

(
(∂µy

a)(∂νy
b)ηab − gµν

)
τµν + Sm, (5)

ãäå gµν , y
a è τµν ÿâëÿþòñÿ íåçàâèñèìûìè ïåðåìåííûìè (S.A. Paston, Phys. Rev. D, 96:8 (2017),

084059, 8 pp., arXiv:1708.03944.). Òîãäà óðàâíåíèÿ äâèæåíèÿ èìåþò âèä:

Gµν = κ(Tµν + τµν), (6)

τµνbaµν = 0, (7)

gµν = (∂µy
a)(∂νy

b)ηab, (8)

Óðàâíåíèÿ äâèæåíèÿ ñîâïàäàþò ñ óðàâíåíèÿìè òåîðèè âëîæåíèÿ! ×òî, åñëè ýòîò äîïîëíèòåëüíûé
âêëàä îïèñûâàåò òåìíóþ ìàòåðèþ?
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Ëèíåéíûé ðåæèì FMEG

Ïûëåâèäíàÿ ìàòåðèÿ:
τµν ≈ ρτδ

µ
0 δ

ν
0 , τ i0 è τ ik ≪ τ 00, ρτ > 0. (9)

Ìû ðàññìàòðèâàåì ïðåäåë ñëàáîãî ãðàâèòàöèîííîãî ïîëÿ, ïîýòîìó:

gµν = ηµν + hµν , hµν ≪ 1. (10)

Ýòî ñîîòâåòñòâóåò ìàëîé äåôîðìàöèè ïëîñêîé ôóíêöèè âëîæåíèÿ, òî åñòü:

y a = ȳ a + qa, qa ≪ ȳ a. (11)

Âîñïîëüçóåìñÿ ôîðìóëîé (8), òîãäà (S. A. Paston, �Weak �eld limit for embedding gravity�,
Theoretical and Mathematical Physics, 216:3 (2023), 1382�1395, arXiv:2311.02515.):

hµν = ∂µξν + ∂νξν − 2qab̄
a
µν , ξµ = qa(∂µy

a). (12)
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Ëèíåéíûé ðåæèì FMEG
Ðàññìîòðèì ìàëóþ îáëàñòü ïðîñòðàíñòâà-âðåìåíè:

baµν ≈ b̄aµν = δaAB
a
µν , Ba

µν = ∂µ∂ν ȳ
a(0), BA

µν ≲
1

L
(13)

Ïðè ýòèõ ïðåäïîëîæåíèÿõ óðàâíåíèå (8) ìîæíî ïåðåïèñàòü â âèäå:

BA
µντ

µν = 0. (14)

Îïðåäåëèì αik
A :

αik
AB

C
ik = δCA , αik

A = αki
A , (15)

òîãäà:
τ ik = −αik

A (τ
00BA

00 + 2τ 0jBA
0j). (16)

Íàñ áóäóò èíòåðåñîâàòü ñòàòè÷åñêèå ðåøåíèÿ â ýòèõ ïðåäïîëîæåíèÿõ. Ýòî äàåò âîçìîæíîñòü
íàéòè ñâÿçü ìåæäó τ ik è τ 00:

τ ik = w ikτ 00, w ik = −BA
00α

ik
A , w ik ≪ 1 ⇒ BA

00 ≪
1

L
. (17)
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Ëèíåéíûé ðåæèì FMEG

Ñëåäñòâèåì óðàâíåíèÿ (6) ÿâëÿåòñÿ:
Dµτ

µν = 0. (18)

Â ãëàâíîì ïðèáëèæåíèè èç (6) è (18) ïîëó÷àåì:

∂i∂iφ = 4πGρτ . (19)

ρτ∂iφ+ wik∂kρτ = 0. (20)

Ìàòðèöà w ik ñèììåòðè÷íà, ñëåäîâàòåëüíî, åå ìîæíî äèàãîíàëèçîâàòü. Ïóñòü w1, w2, w3 � åå
ñîáñòâåííûå çíà÷åíèÿ. Äèàãîíàëèçóåì ìàòðèöó w ik è âûïîëíèì çàìåíó ïåðåìåííîé z = ln ρτ

ρ̃ .

Òîãäà óðàâíåíèÿ (20) ïðèíèìàþò âèä:

(w1 − w2)∂1∂2φ = 0, (w1 − w3)∂1∂3φ = 0, (w2 − w3)∂2∂3φ = 0, (21)

(w1 − w2)∂1∂2z = 0, (w1 − w3)∂1∂3z = 0, (w2 − w3)∂2∂3z = 0. (22)

Ýòè óðàâíåíèÿ íåîáõîäèìî ðåøàòü ñîâìåñòíî ñ ëèíåàðèçîâàííûìè óðàâíåíèÿìè Ýéíøòåéíà (19).
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Ðåøåíèå òèïà ¾ñòåíêà¿

Äëÿ ïåðâîãî òèïà ðåøåíèé, êîãäà w1 ̸= w2 ̸= w3, ïîëîæèì w1 = w . Òîãäà èç óðàâíåíèé (19) è (20)
ïîëó÷àåì:

φ′′(x1) = 4πGρτ , (23)

φ = −w ln
ρτ
ρ̃
. (24)

Ðåøåíèåì ýòèõ óðàâíåíèé ÿâëÿåòñÿ:

φ = φ0 + 2w ln

(
cosh

x1 − x10
δ

)
, ρτ =

ρ0

cosh2
x1−x1

0

δ

, (25)

ãäå δ è φ0 � ïîñòîÿííûå èíòåãðèðîâàíèÿ, à ρ0 � ïëîòíîñòü â öåíòðå, îïðåäåëÿåìàÿ âûðàæåíèåì:

ρ0 =
w

2πGδ2
(26)
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Ðåøåíèå òèïà ¾ñòðóíà¿

Âòîðîé òèï ðåøåíèé âîçíèêàåò ïðè w1 = w2 = w , w3 ̸= w . Òîãäà èç óðàâíåíèé (19) è (20)
ïîëó÷àåì:

∆φ(x1, x2) = 4πGρτ , (27)

φ = −w ln
ρτ
ρ̃
. (28)

ãäå ∆ = ∂2
x1 + ∂2

x2 . Áóäåì èñêàòü ðàäèàëüíî-ñèììåòðè÷íîå ðåøåíèå. Òîãäà ðåøåíèå ýòèõ
óðàâíåíèé èìååò âèä:

φ = φ0 + 2w ln

(
1 +

r2

δ2

)
, ρ =

ρ̃0(
1 + r2

δ2

)2 , (29)

ãäå δ � òîëùèíà ñòåíêè, à ρ0 � ïëîòíîñòü â öåíòðå, îïðåäåëÿåìàÿ ôîðìóëîé:

ρ0 =
2w

πGδ2
. (30)
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Ðåøåíèå òèïà ¾ñôåðà¿
Òðåòèé òèï ðåøåíèé âîçíèêàåò ïðè w1 = w2 = w3 = w . Òîãäà èç óðàâíåíèé (19) è (20) ïîëó÷àåì:

∂i∂iφ(x
1, x2, x3) = 4πGρτ , i = 1, 2, 3, (31)

φ = −w ln
ρτ
ρ̃
. (32)

Áóäåì èñêàòü ñôåðè÷åñêè ñèììåòðè÷íîå ðåøåíèå. Òîãäà óðàâíåíèå ìîæíî ïåðåïèñàòü â âèäå:

φ′′(r) +
2

r
φ′(r) = C2e

−φ
w . (33)

Ýòî óðàâíåíèå íå èìååò ðåøåíèÿ â ýëåìåíòàðíûõ ôóíêöèÿõ. Ïîýòîìó ìû áóäåì èñêàòü åãî
÷èñëåííî. Ïîòðåáóåì, ÷òîáû ðåøåíèå óäîâëåòâîðÿëî óñëîâèÿì:

r2φ′(r) −→ 0 r −→ 0, (34)

φ(0) = 0. (35)

Ïîëó÷åííûå ðåøåíèÿ ìîæíî çàïèñàòü ÷åðåç ñïåöèàëüíûå ôóíêöèè φ̂:

φ = φ0 − w φ̂

(
4r

δ

)
, ρτ = ρ0 exp

(
φ̂

(
4r

δ

))
, ρ0 =

4w

πGδ2
. (36)
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Ðåøåíèå òèïà ¾ñôåðà¿

ρ ∼ 1

r 2
, r −→ ∞

(S.A. Paston and A.J. Ziyatdinov. ¾Âîçìîæíûå òèïû êîíäåíñàöèè òåìíîé ìàòåðèè â òåîðèè
âëîæåíèÿ¿. Journal of Cosmology and Astroparticle Physics, 2026(01):026, January 2026.
arXiv:2509.00980)

S.A. Paston, A.J. Ziyatdinov, (SPbU, PNPI) Âîçìîæíûå òèïû ñãóùåíèÿ ò¼ìíîé ìàòåðèè â embedding gravity 07.08.2026 10 / 10


