
Nonlinear evolution-I: Large-Scale structure

Filaments, voids and clusters. 
Power spectra and correlation  functions.
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Zeldovich 
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Zeldovich approximation

If initial fluctuations are smooth, we can estimate the moment of collapse and the whole dynamics of the 
collapse without assuming the spherical symmetry or any kind of homogeneity of initial density 
perturbations as we did for the spherical infall model or for the homogeneous ellipsoid model. 
In the Zeldovich approximation we follow the motion of a fluid element. This is done using the Lagrangian 
approach to the equations of hydrodynamics.



Evolution of a 1D perturbation

Early stages of evolution: small-amplitude wave 
produces an overdensity around x= 0. 
Perturbation in velocity goes in phase (90 deg 
difference)  with the density perturbation

Formation of caustic: density is infinite at 
x=0. The curve of  V(x) has vertical slope at 
the same x=0 distance. 

At later stages particles still keep moving 
along their initial direction: they do not turn 
around in the Zeldovich approximation. 
Now we have two caustics, which move 
away from the central x=0 plane. At each 
point inside the region of the caustics there 
are three flows.  



Evolution of a 1D perturbation: beyond Zeldovich approximation

In reality, particles will move away from the center for a short while, then turn around and fall back. This produces a 
more complicated picture illustrated below.  Each folder in the velocity space produces two caustics in real space. At 
each point in real space there are odd number of  flows: 1,3, 5... 



In 2 dimensions:



In 2 dimensions: how filaments join - no crossing.They continue smoothly from 
one to another.

First singularities start in red points. Then they grow to black curves and 
then to blue ones.



In 2 dimensions: formation of a folder inside a filament



In 2 dimensions: 
branching filaments due 
to converging flow along 
filaments



Formation of caustics
in a simplified 2D 
model, which has 
only very few long-
wave harmonics

Sahni et al 1994



At later moments 
particles start to fly 
through regions of 
high density. This is 
where the Zeldovich 
approximation badly 
fails.



Pattern of light on a paper screen behind 
a block-glass window in our bathroom.

Glass blocks are made of glass with 
smoothly varying thickness and curvature







3 dimensions:



3 dimensions:



3 dimensions:



3 dimensions:



Column density plot of Cloud 1 in the y-z plane at t = 19.1 
Myr, integrating over the central 16 pc along the x-direction. 
The dots show the stellar objects (sink particles). The 
electronic version of this figure shows an animation of this 
region from t = 16.6 to 19.9 Myr. The column density is in 
code units, which correspond to 9.85 × 1019 cm–2.

Model of star 
formation in Molecular 

clouds

http://iopscience.iop.org/0004-637X/707/2/1023/apj315331f1.mpg


Evolution of the power spectrum of dark matter.

three regimes: 

- linear regime: fluctuations increase the amplitude, 
but shape of P(k) is the same 

- mildly nonlinear regime: fluctuations collapse and 
amplitude grows faster than in linear regime. 
Shape evolves with time. 

-  Deep nonlinear regime: dark matter has collapsed 
into virtualized dark matter halos that do not change 
their physical interior mass. In comoving 
coordinates they get smaller as universe expands. 



Evolution of the power spectrum of dark matter.
- linear regime: fluctuations increase the amplitude, but shape of P(k) is the same 

- mildly nonlinear regime: fluctuations collapse and amplitude grows faster than in linear regime. 
Shape evolves with time. 

-  Deep nonlinear regime: dark matter has collapsed into virtualized dark matter halos that do not 
change their physical interior mass. In comoving coordinates they get smaller as universe 
expands. 



Evolution of BAO wiggles: dumping and shift due to (weak) non-
linear gravitational coupling of modes. Effect is small, but is important 
when we use BAO features to estimate parameters of the Universe.

Magenta: initial conditions (z=100)
circles - results of n-body simulations



Evolution of BAO wiggles: dumping and shift due to (weak) non-
linear gravitational coupling of modes. Effect is small, but is important 
when we use BAO features to estimate parameters of the Universe.

Comparison of nonlinear dark matter correlation functions. 





Redshift distortions: long waves

Wave in real space

Wave in Redshift 
space

V = Hr + Vpec



Angular and 3D correlation functions

w(rp)

rp: projected distance between pairs of galaxies, 

π: distance parallel to the line of sight



Infalling velocities 
make contours 
slightly elliptical 

Large random  
velocities inside 

virtualized objects 
make contours 

extended along the 
line-of-sight 



Redshift distortions: ‘finger-of-god’ effect 
on small scales

Angle on the sky

Red galaxies Blue galaxies
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Structures in Deep Redshift Surveys

red=emission-line
black=absorption02 hr field

DEEP 2

Spikes in the redshift histogram !

as line of sight intersects walls or filaments

Galaxy Distribution and Correlations
• If galaxies are clustered, they are “correlated”

• This is usually quantified using the 2-point correlation

function, ! (r), defined as an “excess probability” of finding

another galaxy at a distance r from some galaxy, relative to a

uniform random distribution; averaged over the entire set:

• Usually represented as a power-law:

• For galaxies, typical correlation or clustering length is r0 ~ 5

h-1 Mpc, and typical slope is " ! 1.8, but these are functions of

various galaxy properties; clustering of clusters is stronger
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Galaxy
Correlation
Function

As measured

by the 2dF

redshift

survey

Deviations from

the power law:

Galaxy Correlation Function

• If only 2-D positions on the sky

are known, then use angular

separation # instead of distance r:

    w(#) = (#/#0)
 -$,  $ = " - 1

At sufficiently large
scales, e.g., voids, ! (r)
must turn negative



Zehavi et al.   (astro-ph/0301280)

Angular correlation function: SDSS results

Two contributions:

- number-density profile of 
galaxies inside the same halo

- clustering of halos 2-halo

1-halo



The
Observed
Power
Spectrum

(Tegmark et al.)

Are the Baryonic Oscillations Seen in the CMBR
Detected in the Very Large Scale Structure?

Probably …

2dF (Percival et al.) SDSS (Eisenstein et al.)

Is the Power Spectrum
Enough? These two images have

identical power spectra

(by construction)

The power spectrum alone does not

capture the phase information: the

coherence of cosmic structures

(voids, walls, filaments …)

Cluster-Cluster Clustering

Richness

(from N. Bahcall)

Clusters are clustered

more strongly than

individual galaxies,

and rich ones more

than the poor ones

Field galaxies !

Correlation function on 
large scales: baryonic 
oscillations



Clustering of different galaxies

More luminous/massive galaxies are more 
strongly clustered



and steepens, coming into good agreement with that of the
!20 < Mr < !19 sample. Conversely, when the !22 < Mr <
!21 sample is restricted to zmax ¼ 0:1 (dashed curve, topright),
it acquires an anomalous large separation tail like that of the
(full) !21 < Mr < !20 sample. Increasing the minimum red-
shift of this sample to zmin ¼ 0:10 (solid curve, topleft), on the
other hand, has minimal impact, suggesting that the influence of
the supercluster is small for the full !22 < Mr < !21 sample,
which extends from zmin ¼ 0:07 to zmax ¼ 0:16. The large-scale
amplitude of the !23 < Mr < !22 sample drops when it is re-
stricted to zmax ¼ 0:16, but this drop again has low significance
because of the limited overlap volume, which contains only
about 1000 galaxies in this luminosity range. In similar fashion,
the overlap between the !19 < Mr < !18 and !18 < Mr <
!17 volumes is too small to allow a useful cosmic variance test

for our faintest sample. We have carried out the volume overlap
test for the luminosity-threshold samples in Table 2, and we
reach a conclusion similar to that for the luminosity bins: the
Mr < !20 sample, with zmax ¼ 0:10, is severely affected by
the z # 0:08 supercluster, but other samples appear robust to
changes in sample volume.

Given these results, we have chosen to use the measurements
from the !21 < Mr < !20 sample limited to zmax ¼ 0:07 (the
same limiting redshift as for !20 < Mr < !19) and the Mr <
!20 sample limited to zmax ¼ 0:06 (same as Mr < !19) in our
subsequent analyses. We list properties of these reduced samples
in Tables 1 and 2. This kind of data editing should become un-
necessary as the SDSS grows in size, and even structures as large
as the Sloan Great Wall are represented with their statistically
expected frequency. As an additional test of cosmic variance

Fig. 8.—Topleft: Projected galaxy correlation functions wp(rp) for volume-limited samples with the indicated absolute magnitude and redshift ranges. Lines show
power-law fits to each set of data points, using the full covariance matrix. Topright: Same as top left, but now the samples contain all galaxies brighter than the indicated
absolute magnitude; i.e., they are defined by luminosity thresholds rather than luminosity ranges. Bottom panels: Same as the top panels, but now with power-law fits
that use only the diagonal elements of the covariance matrix. [See the electronic editionof the Journal for a color versionof this figure.]
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Clustering of different galaxies



Clustering: galaxy morphology

Figure 13 shows, as a representative case, the projected cor-
relation function obtained with the tilted color division for the
!20 < Mr < !19 volume-limited sample. The red galaxy wp(rp)
has a steeper slope and a higher amplitude at all rpP10 h !1 Mpc;
at rp > 10 h !1 Mpc the two correlation functions are consistent
within the (large) statistical errors. Power-law fits for these sam-
ples using the full covariance matrix give r0 ¼ 5 :7 h !1 Mpc and
! ¼ 2:1 for the red sample, and r0 ¼ 3:6 h !1 Mpc and ! ¼ 1:7
for the blue sample. The change in slope contrasts with the results
for the luminosity dependence, where (with small variations) the
slope remains fairly constant and only the clustering amplitude
changes. The results for the color dependence in the other lumi-
nosity bins, and in luminosity -threshold samples and the flux-
limited sample, are q ualitatively similar (see Figs. 22 and 23
below). The behavior in Figure 13 is strik ingly similar to that
found by Madgwick et al. (2003, Fig. 2) for flux-limited samples
of active and passive galaxies in the 2dFGRS, where spectro-
scopic properties are used to distinguish galaxies with ongoing
star formation from those without.
Figure 14 shows the luminosity dependence of wp(rp) sepa-

rately for blue galaxies (middle panel ) and red galaxies (bottom
panel ). We divide wp(rp) by a fiducial power law corresponding
to "(r) ¼ (r/5 :0 h !1 Mpc)!1:8 , and we show the luminosity de-
pendence for the full (red and blue) samples again in the top
panel (repeating Fig. 10, but here showing b2 instead of b). We

Fig. 13.—Projected correlation function of the full volume-limited sample of
all galaxies with !20 < Mr < !19 and of the blue and red galaxies in this
sample, with the color cut indicated by the tilted line in Fig. 12. Lines show the
best-fit power laws. [See th e electronic edition of th e Journal for a color version
of th is figure.]

Fig. 14.—Luminosity and color dependence of the galaxy correlation function. Top, middle, and bottom panels show projected correlation functions of all galaxies,
blue galaxies, and red galaxies, respectively , in the indicated absolute-magnitude ranges. All projected correlation functions are divided by a fiducial power law
corresponding to "(r) ¼ (r/5 h !1 Mpc)!1:8 . [See th e electronic edition of th e Journal for a color version of th is figure.]

ZEHAVI ET AL.12 Vol. 630



Bias b2 = W(r, sample1)/W(r,sample2)

different scales. The dotted curve in Figure 11 shows the fit of
Norberg et al. (2001), based onwp(rp) measurements of galaxies
with log L /L! > " 0:7 in the 2dFGRS. Agreement is again very
good, over the range of the Norberg et al. (2001) measurements,
with all three relative bias measurements (from two indepen-

dent data sets) showing that the bias factor increases sharply for
L > L!, as originally argued by Hamilton (19 88). At luminos-
ities LP 0:2L!, the Tegmark et al. (2004a) formula provides a
better fit to our data than the extrapolation of the Norberg et al.
(2001) formula.

3.3. Color Dependence

In addition to luminosity, the clustering of galaxies is known
to depend on color, spectral type, morphology, and surface bright-
ness. These q uantities are strongly correlated with each other,
and in Z02 we found that dividing galaxy samples based on any
of these properties produces similar changes to wp(rp). This re-
sult holds true for the much larger sample investigated here. For
this paper, we have elected to focus on color, since it is more
precisely measured by the SDSS data than the other q uantities.
In addition, Blanton et al. (2005 a) find that luminosity and color
are the two properties most predictive of local density, and that
any residual dependence on morphology or surface brightness
at fixed luminosity and color is weak.
Figure 12 shows a color-magnitude diagram constructed

from a random subsampling of the volume-limited samples used
in our analysis. The gradient along each magnitude bin reflects
the fact that in each volume faint galaxies are more common than
bright ones, while the offset from bin to bin reflects the larger vol-
ume sampled by the brighter bins. While we used g " r ¼ 0:7
for the color division of the flux-limited sample (Fig. 5 ), in this
section we adopt the tilted color cut shown in Figure 12, which
better separates the E/S0 ridgeline from the rest of the popu-
lation. It has the further advantage of keeping the red : blue ra-
tio closer to unity in our different luminosity bins, although it
remains the case that red galaxies predominate in bright bins
and blue galaxies in faint ones (with roughly eq ual numbers for
the L! bin). The dependence of the color separation on luminos-
ity has been investigated more q uantitatively by Baldry et al.
(2004).

Fig. 10.—Relative bias factors as a function of separation rp for samples defined
by luminosity ranges. Bias factors are defined by brel(rp) $ ½wp(rp)/wp;Bd(rp)&1/2
relative to a fiducial power-law corresponding to !(r) ¼ (r/5 h" 1 Mpc)" 1:8. [See
the electronic edition of the Journal for a color version of this figure.]

Fig. 11.—Relative bias factors for samples defined by luminosity ranges.
Bias factors are defined by the relative amplitude of the wp(rp) estimates at a
fixed separation of rp ¼ 2:7 h" 1 Mpc and are normalized by the " 21 < Mr <
" 20 sample (L ' L!). The dashed curve is a fit obtained from measurements
of the SDSS power spectrum, b/b! ¼ 0:85 þ 0:15 L/L! " 0:04(M " M!)
(Tegmark et al. 2004a), and the dotted curve is a fit to similar wp(rp) measure-
ments in the 2dF survey, b/b! ¼ 0:85 þ 0:15 L/L! (Norberg et al. 2001).

Fig. 12.—K-corrected g " r color vs. absolutemagnitude for all galaxies com-
prising our volume-limited luminosity bins samples. A clear color-magnitude
trend is evident. The vertical line demarcates a simple cut at g " r ¼ 0:7, while
the tilted line indicates the luminosity-dependent color cut that we adopt for
the analyses in xx 3.3 and 4.3. [See the electronic edition of the Journal for a
color version of this figure.]
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Baryonic acoustic oscillations: Power spectrum

The clustering of galaxies in the completed SDSS-III Baryon Oscillation 
Spectroscopic Survey: cosmological analysis of the DR12 galaxy sample

Alam etal (BOSS) 2017

Power spectrum in redshift space.            Smooth background is subtracted



Baryonic acoustic oscillations: Power spectrum

The clustering of galaxies in the completed SDSS-III Baryon Oscillation 
Spectroscopic Survey: cosmological analysis of the DR12 galaxy sample

Alam etal (BOSS) 2017

Power spectrum in redshift space. Smooth background is subtracted



Baryonic acoustic 
oscillations: Power 

spectrum

Percival etal 2007


