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Excitons in semiconductors: 90+ years of studies — I: Photoeffect

А. Эйнштейн, 1905

Я.И. Френкель, 1930-31
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Excitons in semiconductors: 90+ years of studies — II: Bound e− h pairs

JANUARY 1, 1931 PIIYSICAL REVIEW VOLUME 37

ON THE TRANSFORMATION OF LIGHT
INTO HEAT IN SOLIDS. I'

BY, J, FRENKEL
DEPARTMENT OF PHYSICS, VNIVERSITY OF MINNESOTA

(Received November 25, 1930)

ABSTRACT

Starting from the analogy between a crystal and molecule, it is shown that the
electronic excitation, forming the first step in the process of light absorption, is not
confined to a particular atom, but is diluted between all of them in the form of "excita-
tion waves, " similar to sound waves which are used to describe the heat motion in the
same crystal. Owing to the interaction between the atoms the excitation state is split
up into substates whose number is equal to the number of atoms n (excitation multi-
plet). By superposing several excitation waves "excitation packets' can be con-
structed representing the travelling of the excitation state from one atom to another.
To each excitation sub-state there corresponds a definite crystal structure (lattice
constant, vibration frequencies) slightly different from that of the normal, and giving
rise to slightly different vibrational states. This influence of the excitation on the
vibrational states provides an indirect coupling between them, which allows the excita-
tion energy to be shared between a few hundred heat-oscillators with practically no
direct coupling nor anharmonicity in a radiationless transition which forms the
second state of the process of light absorption.

1. INTRQDUcT~QN
''N A monatomic gas the transformation of the light energy absorbed by.- an individual atom into heat, that is into the kinetic energy of the trans-
latory motion, is effected, on the quantum theory, through o collision of eke
second kind of the excited atom with some other (usually unexcited) one. If
we now look for the corresponding process in a monatomic solid body, where
the heat motion is represented by the vibration of a set of "elastic oscillators"
(Debye's waves), we at once meet a grave difficulty. This difficulty consists
in the apparent inability of the elastic or heat oscillators, so far as they are
assumed to be harmonic and uncoupled with each other, to take up the big
quantum of energy stored by the excited atom. This quantum is in fact
about 100 times larger than the largest energy quantum of the heat oscil-
lators, corresponding to the ratio between the frequency of the absorbed
light and the highest frequency of the heat vibrations. In a radiationless
discharge of the excitation energy the latter must therefore be either shared
between a great many oscillators, which is impossible if they are uncoupled,
or be absorbed by a single oscillator jumping at one time over at least 100
energy levels, which is also impossible if the oscillator is harmonic.

The solution of this difficulty seems at first sight to consist simply in
taking account of the actually existing coupling between the different oscil-

' This paper is an extension of two previous ones on the absorption of light in gases: see
J. Frenkel, Zeits. f. Physik S8, 798 (1929) and 59, 198 (1930).
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The Structure of Electronic Excitation Levels in Insulating Crystals
GREGORY H. WANNIER

Princeton University, Princeton, ¹mJersey*
(Received May 13, 1937}

In this article, a method is devised to study the energy spectrum for an excited electron con-
figuration in an ideal crystal. The con6guration studied consists of a single excited electron
taken out of a full band of N electrons. The multiplicity of the state is N'. It is shown that
because of the Coulomb attraction between the electron and its hole ¹"states are split off
from the bottom of the excited Bloch band; for these states the electron cannot escape its hole
completely. The analogy of these levels to the spectrum of an atom or molecule is worked out
quantitatively. The bottom of the 8loch band appears as "ionization potential" and the Bloch
band itself as the continuum above this threshold energy.

~OR several years, there have been two com-
peting pictures in use to describe the be-

havior of electrons in crystals. The one adopted
in most theoretical calculations and especially
successful for metals describes each electron by a
running wave, but Frenkel has shown that in
many cases the more elementary atomic picture
may be the better approximation. ' This ap-
parent contradiction has been removed by
Slater and Shockley, ' who showed with a simpli-
fied model that the two types of states actually
coexist in a crystal. I t is the purpose of the
present paper to treat this question in a quantita-
tive way, starting out from the actual Hamil-
tonian of the system.
%e shall restrict ourselves in this article to

insulators containing one electron in the lowest
excited state, and we shall study the energy
spectrum of this single configuration, neglecting
perturbations arising from other configurations.
As to the method we shall proceed in the fol-
lowing way:
(1) We shall construct orthogonal "atomic"

wave functions and express the energy matrix in
this vector system.
(2) The energy matrix contains many terms

having the periodicity of the lattice and a few
which have not; we shall develop a method
which takes them both into account.

(3) We shall derive some general results and
discuss their consequences.

1.BASIC %AVE FUNCTIONS AND ENERGY MATRIX

.It would no doubt be more satisfactory for
insulating crystals, to discuss the Hamiltonian
using atomic functions rather than Bloch func-
tions. But this line of attack has been hampered
by the fact that atomic functions are not
orthogonal. %e can, however, build up or-
thogonal functions having all the advantages of
atomic ones by starting out from a Bloch
approximation. Let us assume then that a Bloch
or Fock method has given us functions b(k, x) of
energy W(k). Then the required functions are

a(x—n) =1/(X)& P exp L—ik„n)b(k„, x),' (1)

where N is the number of cells in the crystal and
the k's are as usual determined by some bound-
ary condition.
Formula (1) applies to any set of Bloch func-

tions, but it might be interesting to get some
insight into the structure of the a' s. For this
purpose let us 6rst make the ad koc assumption
(valid for free electrons) that b is of the form

b(k„x)=exp Cik„x] b(x),

* I want to express my thanks to Princeton University
for the grant of its Swiss-American Exchange Fellowship
for the year 1936—37.' J. Frenkel, Phys. Rev. 1'7, 17 (1931); Physik. Zeits.
Sowjetunion 9, 158 (1936); Physik. Zeits, Sowjetunion 8,
185 (1935).

~ J. C. Slater and W. S. Shockley, Phys. Rev. SG, 705
(1936).

where the periodic factor b(x) is independent of k.
Then we find explicitly:

'The unit of length adopted in this article is the ele-
mentary translation in the direction of each of the crystal
axes. In some deductions the crystal is assumed to be
simple cubic, but this could easily be removed.

The Royal Society is collaborating with JSTOR to digitize, preserve, and extend access to
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Wannier‐Mott excitons are the analogues of hydrogen atoms

Energy bands
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Exciton
First observation in Cu2O

E.F. Gross, N.A. Karryew (1952)
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Kazimierczuk et al. (2014)

Energy scales
Exciton Rydberg energy

R ∼ (1 . . . 500)meV

Bohr raidus
a∗B ∼ (10 . . . 100) Å

Rydberg excitons up to 1 µm
can be observed in Cu2O

n ⩽ 25 . . . 28

Excitons govern optical properties in most of semiconductors
and semiconductor low‐dimensional systems
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Two‐dimensional materials

are the platform for van der Waals heterostructures

PERSPECTIVE
doi:10.1038/nature12385

Van der Waals heterostructures
A. K. Geim1,2 & I. V. Grigorieva1

Research on graphene and other two-dimensional atomic crystals is intense and is likely to remain one of the leading
topics in condensed matter physics and materials science for many years. Looking beyond this field, isolated atomic
planes can also be reassembled into designer heterostructures made layer by layer in a precisely chosen sequence. The
first, already remarkably complex, such heterostructures (often referred to as ‘van der Waals’) have recently been
fabricated and investigated, revealing unusual properties and new phenomena. Here we review this emerging
research area and identify possible future directions. With steady improvement in fabrication techniques and using
graphene’s springboard, van der Waals heterostructures should develop into a large field of their own.

G raphene research has evolved into a vast field with approxi-
mately ten thousand papers now being published every year
on awide range of graphene-related topics. Each topic is covered

by many reviews. It is probably fair to say that research on ‘simple
graphene’ has already passed its zenith. Indeed, the focus has shifted
from studying graphene itself to the use of the material in applications1

and as a versatile platform for investigation of various phenomena.
Nonetheless, the fundamental science of graphene remains far from
being exhausted (especially in terms of many-body physics) and, as
the quality of graphene devices continues to improve2–5, more break-
throughs are expected, although at a slower pace.
Because most of the ‘low-hanging graphene fruits’ have already been

harvested, researchers have now started paying more attention to other
two-dimensional (2D) atomic crystals6 such as isolated monolayers and
few-layer crystals of hexagonal boron nitride (hBN), molybdenum
disulphide (MoS2), other dichalcogenides and layered oxides. During
the first five years of the graphene boom, there appeared only a few

experimental papers on 2D crystals other than graphene, whereas the
last two years have already seen many reviews (for example, refs 7–11).
This research promises to reach the same intensity as that on graphene,
especially if the electronic quality of 2D crystals such asMoS2 (refs 12, 13)
can be improved by a factor of ten to a hundred.
In parallel with the efforts on graphene-like materials, another

research field has recently emerged and has been gaining strength over
the past two years. It deals with heterostructures and devices made by
stacking different 2D crystals on top of each other. The basic principle is
simple: take, for example, a monolayer, put it on top of another mono-
layer or few-layer crystal, add another 2D crystal and so on. The resulting
stack represents an artificialmaterial assembled in a chosen sequence—as
in building with Lego—with blocks defined with one-atomic-plane pre-
cision (Fig. 1). Strong covalent bonds provide in-plane stability of 2D
crystals, whereas relatively weak, van-der-Waals-like forces are sufficient
to keep the stack together. The possibility of making multilayer van
der Waals heterostructures has been demonstrated experimentally only

1School of Physics and Astronomy, University of Manchester, Manchester M13 9PL, UK. 2Centre for Mesoscience and Nanotechnology, University of Manchester, Manchester M13 9PL, UK.

Graphene

hBN

MoS2

WSe2

Fluorographene

Figure 1 | Building van der Waals
heterostructures. If one considers
2D crystals to be analogous to Lego
blocks (right panel), the construction
of a huge variety of layered structures
becomes possible. Conceptually, this
atomic-scale Lego resembles
molecular beam epitaxy but employs
different ‘construction’ rules and a
distinct set of materials.

2 5 J U LY 2 0 1 3 | V O L 4 9 9 | N A T U R E | 4 1 9

Macmillan Publishers Limited. All rights reserved©2013

Geim, Grigorieva (2013) Withers et al. (2015)

Lattice matching is not required New degree of freedom: twist angle
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Direct and inverse lattices of MX2 monolayers

Brillouin zone

MoS2, MoSe2, WS2, WSe2, etc.

D3h point symmetry: horizontal reflection
plane (σh), three‐fold rotation axes (C3, S3),
3C2, 2σv
no space inversion: SO‐splitting, second
harmonic generation

Hexagonal Brillouin zone, direct band gaps
are formed at the K+ and K− edges

Valley symmetry is C3h
K+ and K− valleys are related by the time
reversal symmetry

Heff = h̄v(σ · k) + Eg
2 σz
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Band structure and optical selection rules

Mo‐based
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Band structure and optical selection rules

W‐based
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DFT‐based energy spectrum of MoS2 monolayer

Brillouin zone

~10 meV

~300 meV

Kormanyos et al. (2015)
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Модель Ванье‐Мотта
Электрон и дырка связываются в экситон

Ψexc = ∑
ke,kh

Cke,kh |ke, ne; kh, nh⟩ = ∑
ke,kh

Cke,khUµ(ke, kh)

|ke, ne; kh, nh⟩ волновая функция с заполненным состоянием |ke, ne⟩ зоны проводимости и
пустым состояниемK|kh, nh⟩ валентной зоны (K – инверсия времени: k → −k, s → −s)

h

e Волновая функция в модели Ванье‐Мотта

ΨK;ν,µ(re, rh) =
exp (iKR)√

V
Φν(ρ)Uµ(re, rh)

Φν(ρ) – “водородоподобная” огибающая
ν = 1s, 2s, 2p, . . .
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Электрон‐дырочное представление – 1

Коммутационные соотношения для фермионов:

â†
m,kâm′,k′ + âm′,k′ â

†
m,k = δm,m′δk,k′

Переход от электронов к дыркам:

ĉm,k = â†
m,−k, ĉ†

m,k = am,−k

(коммутационное соотношение не меняется)

Заселенности состояний:

f̄m,k = ⟨c†
m,kcm,k⟩ = ⟨am,−ka†

m,−k⟩ = 1− ⟨a†
m,−kam,−k⟩ = 1− fm,−k

дырка соответствует инвертированному по времени (k → −k) незанятому состоянию в
валентной зоне
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Электрон‐дырочное представление – 2

Переход от электронов к дыркам:

ĉm,k = â†
m,−k, ĉ†

m,k = am,−k

(коммутационное соотношение не меняется)

Энергия дырки:

Em,kâ†
m,kâm′,k′ = Em,kcm,−kc†

m,−k = Em,k − Em,kc†
m,−kcm,−k.

В простой зоне Em,k = Em,−k.
Энергия дырки противоположна энергии электрона в валентной зоне
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Электрон‐дырочное представление – 3

Энергия кулоновского взаимодействия:

U =
∫

dr1dr2V(r1 − r2)a†
c (r1)a†

v(r2)av(r2)ac(r1),

a†
c (r1)a†

v(r2)av(r2)ac(r1) → a†
c (r1)cv(r2)c†

v(r2)ac(r1)

→ −a†
c (r1)c†

v(r2)cv(r2)ac(r1),

U = −
∫

dr1dr2V(r1 − r2)a†
c (r1)c†

v(r2)cv(r2)ac(r1).

Электрон притягивается к дырке!

12



Многозонная модель
см. Г.Л. Бир, Г.Е. Пикус, Симметрия и деформационные эффекты в полупроводниках

conduction
band

valence
band

}
}

}
}

Базисные блоховские функции

Unenh(re, rh) = une,0(re)ũnh,0(rh) (Ne × Nh)

Волновая функция пары

Ψ(re, rh) = ∑
ne,nh

Cneke,nhkhe
ikere+ikhrhUnenh(re, rh)

Эффективный гамильтониан (VC(ρ) = − e2
ερ )

He
nen′e(k̂e)δnhn′h +Hh

nhn′h
(k̂h)δnen′e + VC(ρ)δnen′eδnhn′h

+δV̂ (поправки, обменное взаимодействие, …)
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Экситон в закиси меди: от 1950х
Уравнение Шредингера для относительного движения e и h

− h̄2

2µ
∆ρΦ(ρ)− e2

ερ
Φ(ρ) = EΦ(ρ),

1
µ
=

1
me

+
1
mh

энергия связи

Eb =
R
n2

энергия возбуждения

Eexc = Eg −
R
n2

параметры:

R =
µe4

2ε2h̄4
, aB =

h̄2ε

µe2

Е.Ф. Гросс и Н.А. Каррыев, ДАН СССР 84, 471 (1952)

E.F. Gross, Nuovo Cimento Suppl. 3, 672‐701 (1956)

R ≈ 90meV, aB ≈ 11 Å

Классификация состояний
S (l = 0), P (l = 1), D (l = 2), F (l = 3) …

14



Экситон в закиси меди: от 1950х
Уравнение Шредингера для относительного движения e и h

− h̄2

2µ
∆ρΦ(ρ)− e2

ερ
Φ(ρ) = EΦ(ρ),

1
µ
=

1
me

+
1
mh

энергия связи

Eb =
R
n2

энергия возбуждения

Eexc = Eg −
R
n2

параметры:

R =
µe4

2ε2h̄4
, aB =

h̄2ε

µe2

Е.Ф. Гросс и Н.А. Каррыев, ДАН СССР 84, 471 (1952)

E.F. Gross, Nuovo Cimento Suppl. 3, 672‐701 (1956)

R ≈ 90meV, aB ≈ 11 Å

Классификация состояний
S (l = 0), P (l = 1), D (l = 2), F (l = 3) …

14

СПбГУ, музей Е.Ф. Гросса

на фото Б.В. Новиков и С.Ю. Вербин (2016)
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Экситон в закиси меди: от 1950х до 2010х

T. Kazimierczuk, D. Frohlich, S. Scheel, H. Stolz, M. Bayer, Nature 514, 343 (2014)

Отклонения от водородоподобной
модели

En ≈
R

(n− δnl)2

∆SO ∼ R
15



Excitons in 2D semiconductors
Optically created electron‐hole pairs form excitons

Ψexc = ∑
ke,kh

Cke,kh |ke; kh⟩ = ∑
ke,kh

Cke,khUµ(ke, kh)

|ke; kh⟩ is the wavefunction of the state where the |ke, ⟩ conduction band state is occupied and
the K|kh⟩ valence band state is empty

h

e

Exciton wavefunction

ΨK;ν,µ(ρe, ρh) =
exp (iKR)√

S
Φν(ρ)Uµ(ρe, ρh)

Envelope function (1s, 2p, . . .)

− h̄2

2µ
∆ρΦ(ρ) + V(ρ)Φ(ρ) = EΦ(ρ) µ = memh

me+mh

non‐parabolicity & SO‐coupling: Trushin, Goerbig, Belzig (2018)
Leppenen, Golub, Ivchenko (2020)

Multiband description

Ψexc = ∑
ke,ne,kh,nh

Cke,ne,kh,nh |ke, ne; kh, nh⟩
16



Coulomb interaction in 2D semiconductors
Thin films: Rytova (1967), Chaplik, Entin (1972), Keldysh (1979) 2D crystals: Cudazzo et al. (2011); Berkelbach et al. (2013)

Effective Coulomb potential V(ρ)

Large distances

V(ρ) ≈ − 2e2
1+ εs

1
ρ

Small distances

V(ρ) ≈ e2

r0
ln
(

ρ

r0

)

r0 = 2πα (∼ εTMDCd)

Vq = −2πe2

ε∗q
1

(1+ qr0)
↙ ↘∝

1
q

, q ≪ 1
r0
(2D) ∝

1
q2

, q ≫ 1
r0
(3D)

Technical details

Additional (open) issue: role of retardation – frequency dependent screening (?)
17



Wannier‐Mott excitons in 2D materials

Excitons control optical properties of MX2:
E2B ≈ 200 . . . 500meV, a2B ≈ 10 . . . 30 Å

DFT+BSE: Diana Y. Qiu, Felipe H. da Jornada, Steven G. Louie (2013)

radiative lifetime: τX = 1/(2Γ0) ∼ 1 ps
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Review: Phys.‐Usp. 61, 825 (2018); Rev. Mod. Phys. 90, 021001 (2018); JETP Letters 113, 7 (2021)
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energetically degenerate excitons formed, respectively,
from free electron-hole transitions at the K and K0 valleys
[Fig. 3(b) inset]. The wave functions of these two excitons
look identical in real space. In Fig. 3(b), we show the
modulus squared of the real-space exciton wave function
when the hole is fixed near a Mo atom. The character of the
exciton corresponding to peak A reflects the Mo dz2 orbi-
tals of the states in the lowest MoS2 conduction band. The
envelope of the exciton wave function is nearly azimu-
thally symmetric, resembling the 1s state in a 2D hydro-
genic model. The root mean square radius of the exciton in
real space is 1 nm. Since spin is a good quantum number at
K and K0 [30], the spatial components of the spinor wave
functions for the spin-orbit split bands are identical at K
and K0. Thus, since peaks A and B are made up of tran-
sitions between the spin-orbit split valence band and the
lowest conduction band at K and K0, the exciton wave
function corresponding to peak B is identical to that of
peak A. The two next lowest energy peaks, near 2.2 eV,
which we refer to as peaks A0 and B0, are also spin-orbit
split states of excitons localized near the K and K0 valleys
in momentum space. These excitons have wave functions
with a single node structure in k space and are excited
states of the exciton states forming peaks A and B (not
shown). The excitons forming peaks A0 and B0 are sixfold
degenerate, corresponding to the three degenerate 2s and

2p states in a 2D hydrogen model, multiplied by the two
valleys of K and K0. There is also a cluster of six nearly
dark excitons near 2.35 eV (referred to as A00, not shown),
which are the second excited states of the excitons forming
peak A, and a third set of excited states at 2.60 eV, which
hybridizes slightly with the excitons forming peak C. We
emphasize here that although we use the notations (e.g.,
‘‘2s’’) of the 2D hydrogen model to refer to the states, our
GW-BSE exciton spectrum is completely different from
that of a standard 2D hydrogen model (see Fig. 3 in the
Supplemental Material [25]).
Next, we look at the character of the states forming the

large peak C near 2.5 eV in Fig. 2(a), which is plotted in
Fig. 3(c). We emphasize that this is the first time this peak
has been seen in a theoretical or experimental study. The
peak comes from six nearly degenerate exciton states made
from transitions between the highest valence band and the
first three lowest conduction bands near, but not directly at,
!, reflecting the fact that the lowest transitions are degen-
erate at multiple points near ! (Fig. 1). When the sum of
the k-space modulus squared of the six excitons is plotted
[inset Fig. 3(c)], we see that it is indeed located in a ring
with sixfold symmetry around the ! point, with some small
contributions from points near K and K0. This set of
excitons has finely structured contributions from different
parts of momentum space, which explains the need for a
fine k-point sampling to converge the optical absorption
spectrum, and may also explain why previous studies with
coarse k-point sampling did not observe this peak. When
these excitons are plotted in real space, with the hole fixed
near a Mo atom, the electron has both Mo dz2 and S px and
py character, with more S character near the hole. The real-

space envelope of the C peak excitons has near azimuthal
symmetry and a mean squared radius of 0.5 nm.
In conclusion, we have performed first-principles calcu-

lations of the quasiparticle band structure and excitonic
properties of MoS2 with many-body effects included. We
identify and analyze the character of exciton peaks in the
optical spectrum, many of which have not been experi-
mentally or theoretically observed, and predict that the
region in the optical spectrum between 2.2 and 2.8 eV is
not featureless, but contains many bright and dark exci-
tonic states which are broadened by electron-phonon inter-
actions. This suggests that variations in temperature,
dielectric screening, and mechanical strain could affect
the optical absorption in this region of the spectrum.
Also, the predicted features associated with the higher
energy excitonic states may be enhanced and, thus,
observed in experiment at reduced temperature and/or
through modulation techniques such as electromodulation
spectroscopy. The large number and diverse character of
excitons in the energy window between 2.2 and 2.8 eV
suggests that MoS2 is an ideal system for probing both
interexciton transitions (e.g., between A and C) and intra-
exciton transitions (e.g., between A, A0, and A00), using
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FIG. 3 (color online). (a) Convergence of the excitation ener-
gies of peaks A, A0, and C as a function of the number of k points.
(b) Exciton corresponding to peak A in real space and in k space
(inset). The real-space plot is the modulus squared of the exciton
wave function projected onto the plane with the hole (black
circle) fixed near a Mo atom. Mo atoms are purple squares, and
sulfur atoms are green triangles. (c) Real-space and k-space
(inset) modulus squared of excitons forming peak C.
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Междузонный оптический переход

h

e

Оператор возмущения

H0 =
p̂2

2m0
+ V0(r), p̂ → p̂− e

c
A, E = −1

c
∂A
∂t

В первом порядке по A : V̂dip = − e
m0c

A · p̂

Междузонный матричный элемент импульса

pcv,α = −ih̄
∫

dru∗c,0(r)
∂

∂xα
uv,0(r)

Разрешенный переход

pcv,α ̸= 0

Запрещенный переход

pcv,α = 0
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Разрешенные переходы
Междузонный матричный элемент импульса

V̂dip = − e
m0c

A · p̂, pcv,α = −ih̄
∫

dru∗c,0(r)
∂

∂xα
uv,0(r) ̸= 0

Волновая функция экситона

Ψexc = ∑
ke,kh

Cke,khe
ikere+ikhrhuc,0(re)ũv,0(rh)

Возбуждение экситона

⟨exc|V̂dip|0⟩ = − e
m0c ∑

ke,kh
C∗ke,khe

−ikere−ikhrhpcv,αδke,−kh ∝ Φ∗(0)

Активны S‐экситоны, у которых Φ(0) ̸= 0, например, в GaAs или в TMDC.

Симметрия экситонных состояний

представление Dexc = De ⊗Dh ⊗Denv
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Запрещенные переходы

Междузонный матричный элемент импульса

V̂dip = − e
m0c

A · p̂, pcv,α = −ih̄
∫

dru∗c,k(r)
∂

∂xα
uv,k(r) ̸= 0 ∝ kβ

(за счет подмешивания далеких зон)
Возбуждение экситона

⟨exc|V̂dip|0⟩ ∝ ∑
ke,kh

C∗ke,khe
−ikere−ikhrhkβδke,−kh ∝

∂Φ∗

∂rβ

∣∣∣∣
r→0

Активны P‐экситоны, у которых Φ′(0) ̸= 0 (пример: P‐экситоны в Cu2O).

E.F. Gross, Nuovo Cimento Suppl. 3, 672‐701 (1956)
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Экситонные поляритоны
фотон→ экситон→ фотон→ экситон→ фотон→ …

Волновая функция системы

Ψ = |0⟩+ ∑
α

Cα|exc, α⟩, α = x, y, или z

Поляризация, наведенная экситоном

P = (Px, Py, Pz), Pα = dCα + c.c.,

d – микроскопический дипольный момент экситона

(
Eexc +

h̄2Q2

2M − h̄Ω

)
Cα = dE+α,Ω[(

Ω
c

)2
κb(Ω)− Q2

]
E+α,Ω = −4π

(
Ω
c

)2
(dCα + c.c.)

Экситонные поляритоны –
смешанные квазичастицы
света и вещества
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2D systems: radiative decay of excitons
Maxwell equations:

rot rotE =
(ω

c

)2
[E+ 4πP(z)]

Exciton‐induced polarization:

P(z) = δ(z)E∥(z)
|φ(0)|2

ω0 − ω + iΓ
e2|pcv|2
h̄ω2

0m2
0

Reflection coefficient poles determine
eigenfrequencies (polariton modes)

Normal incidence r(ω) =
iΓ0

ω0 − ω − i(Γ0 + Γ)

h̄Γ0 = 2π
ω

c
e2|pcv|2
ω2
0m2

0
|φ(0)|2 ∼ R a30

a2Bλ
∼ α

(
a0
aB

)2
R,

Γ0
Γat

∼
(

λ

a0

)2

︸ ︷︷ ︸
collective∝Nat

(
a0
aB

)2
, λ ∼ c

ω0

equivalent to h̄Γ0 = 2π ∑kλ |Vkλ|2δ(h̄ω0 − h̄ωk)
semiconductor QWs: Andreani et al. (1991), Ivchenko (1991), Ivchenko & Kavokin (1992); 2D materials: PRB 89, 201302(R) (2014) 23



Excitons in optical response: role of heterostructure

MoS2 WSe2

Multiple light reflections are important in van der Waals heterostructures
Phys. Rev. Materials 2, 011001(R) (2018); Phys. Rev. Lett. 123, 067401 (2019); Comptes Rendus Physique 22, 43 (2021); Phys. Rev. Lett. 131, 116901 (2023)
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Bright and dark excitons in MX2
Spin‐orbit mixing of bands

spin-orbit splitting
 

spin-orbit 
and exchange splittings

prediction: PRB 89, 201302(R) (2014); experiment&model: PRL 119, 047401 (2017)
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Spin‐dark excitons are activated in B‐field

X.‐X. Zhang et al. (2017)
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Radiative doublet
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Обменное взаимодействие: история
Л.Д. Ландау и В.Б. Берестецкий разработали теорию позитрония с учетом обменного
взаимодействия электрона и позитрона (1949)
Теория обменного взаимодействия между электроном и дыркой развивалась Дрессельхаузом,
Эллиотом и Рашбой (1950s‐60s)

Последовательная теория обменного взаимодействия e и h
разработана Г.Л. Биром и Г.Е. Пикусом (ФТИ) и М.М. Денисовым и В.П. Макаровым (ФИАН) в
начале 1970‐х.

Ландау Берестецкий Бир Пикус
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Обменное взаимодействие

Два электрона. Принцип Паули

Ψ(r1, s1; r2, s2) = −Ψ(r2, s2; r1, s1)

– полная волновая функция должна быть антисимметричной

Пренебрегая кулоновским и спин‐орбитальным взаимодействиями

Ψ(r1, s1; r2, s2) ∝ [ψ1(r1)ψ2(r2)± ψ2(r1)ψ1(r2)]χs1,s2

Спиновая функция

χs1,s2=


↑↑
↑↓+↓↑√

2
↓↓
↑↓−↓↑√

2

Ed = 2N 2 e2

κ

∫
dr1dr2

ψ2
1(r1)ψ2

2(r2)
|r1 − r2|

,

Ex = 2N 2 e2

κ

∫
dr1dr2

ψ1(r1)ψ2(r2)ψ1(r2)ψ2(r1)
|r1 − r2|

Es = Ed + Ex Et = Ed − Ex
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Многозонная модель
Электроны и дырки – возбуждения одной системы

– волновая функция пары должна быть антисимметрична

conduction
band

valence
band

}
}

}
}

см. Г.Л. Бир, Г.Е. Пикус, Симметрия и деформационные эффекты в полупроводниках

Базисные блоховские функции

Unenh(re, rh) = une,0(re)ũnh,0(rh) (Ne × Nh)

Волновая функция пары

Ψ(re, rh) = ∑
ne,nh

Cneke,nhkhe
ikere+ikhrhUnenh(re, rh)

Эффективный гамильтониан

He
nen′e(k̂e)δnhn′h +Hh

nhn′h
(k̂h)δnen′e + V(ρ)δnen′eδnhn′h

+δV̂ (обменное взаимодействие)
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Коротко‐ и дальнодействующие вклады
Vexch ≡ V(ne, nh; n′e, n′h)

Ψexc = ∑
ke,kh

Cke,kh |ke, ne; kh, nh⟩; Ψ′
exc = ∑

ke,kh
Cke,kh |ke, n′e; kh, n′h⟩

Кулоновское взаимодействие:

⟨ke, ne; kh, nh|
e2

κ|re − rh|
∣∣k′e, n′e; k′h, n′h

〉
⇒

с учетом периодичности блоховских амплитуд
выполняем суммирование по векторам обратной решетки
G,G′ ⇒
члены с G = G′ – дальнодействующий вклад
члены с G ̸= G′ – короткодействующий вклад
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Long‐range exchange: spin flip of exciton

33

Light cone

∆ELT ≈ h̄Γ0
K
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Fine structure of radiative doublet (suspended ML)
Exciton effective Hamiltonian in the basis of σ+ and σ− states:
Exciton with the wavevector K in the monolayer plane:

HX = A(K)
(

0 (Kx − iKy)2
(Kx + iKy)2 0

)
=

h̄
2 (ΩK · σ) , A(K) =

h̄2cΓ0
KEg

Light cone

Moving exciton states are split into TE & TM
(T & L) modes
HX is the driving force for exciton spin‐valley
dynamics
Effect results from the interaction of exciton with
the induced electromagnetic field

∆E = h̄Γ0
K2

q
√
K2 − q2

≈ h̄Γ0
K
q

, q =
Eg
h̄c

Theory for QWs: Maialle, de Andrada e Silva, Sham (1993); Goupalov, Ivchenko, Kavokin (1998)
Theory for TMDCs: MMG et al. PRB 89, 201302(R) (2014); Yu et al. Nat. Communs. (2014);

Yu, Wu, PRB (2014)
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Spin/valley relaxation: Theory and experiment
PRB 90, 161302(R) (2014)

∂SK
∂t

+ SK × ΩK = Q{S}

∆ϕ ∼ ΩKτ2 ≪ 1
Redfield (1957); Dyakonov, Perel’ (1971)

Maialle et al. (1993)

(p
s)

Exciton optical orientation and
relaxation is observed up to T ∼ 100 K

Thermalized excitons
1

τzz
= ⟨Ω2

Kτ⟩ = 2α2τMkBT
h̄2

, α =
ch̄Γ0
Eg

n+ 1
n2 + 1 , τR =

1
2Γ0

= 3 ps
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Coulomb‐correlated complexes in semiconductors
Physical Review Letters

1

Many-particle complexes

*WSe2 monolayer, 5K

Many-particle
states under 
discussion…
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Excitonic ions: Trions
In 2D TMDCs excitons are extremely stable to the doping since EB ≫ EF

see, e.g., physica status solidi B 255, 1800216 (2018)

Exciton can attract an electron and form a three‐particle bound state: trion
Lampert (1958); Stébé, A. Ainane (1989); Sergeev, Suris (2001)
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Excitonic ions: Trions
In 2D TMDCs excitons are extremely stable to the doping since EB ≫ EF

X+ and X− trions are the analogues of H+
2 and H− ions,

but, typically, no adiabaticityme ≈ mh

prediction: M. A. Lampert (1958)
observation II‐VI QWs: K. Kheng, R. T. Cox, Merle Y. d’ Aubigné et al. (1993)

observation in TMDC MLs: Kin Fai Mak et al. (2013)

trion trion

H = − h̄2

2µ

(
∆1 + ∆2 +

2σ

1+ σ
∇1 ·∇2

)
+ V(ρ1 − ρ2)− V(ρ1)− V(ρ2); σ = m2

m1
V(ρ) is the screened Coulomb potential Rytova‐Keldysh potential

Variational approach:

simplest trial fun. φ(ρ1, ρ2) ∝ e−ρ1/ax−ρ2/atr + e−ρ2/ax−ρ1/atr , ρ1 = re,1 − rh, ρ2 = re,2 − rh

+more sophisticated functions Berkelbach et al. (2013); Courtade, Semina, et al. (2017)

Other approaches include quantum Monte‐Carlo, semi‐analytical approximations, direct
numerical diagonalization of the Hamiltonian, etc. Ganchev et al. (2015); Kezerashvili, Tsiklauri (2017); Tempelaar, Berkelbach (2019); …

review: M.A. Semina and R.A. Suris, Localized excitons and trions in semiconductor nanosystems, Physics‐Uspekhi (2022)
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Excitonic ions: Trions
In 2D TMDCs excitons are extremely stable to the doping since EB ≫ EF

X+ and X− trions are the analogues of H+
2 and H− ions,

but, typically, no adiabaticityme ≈ mh

prediction: M. A. Lampert (1958)
observation II‐VI QWs: K. Kheng, R. T. Cox, Merle Y. d’ Aubigné et al. (1993)

observation in TMDC MLs: Kin Fai Mak et al. (2013)

trion trion

H = − h̄2

2µ

(
∆1 + ∆2 +

2σ

1+ σ
∇1 ·∇2

)
+ V(ρ1 − ρ2)− V(ρ1)− V(ρ2); σ = m2

m1
V(ρ) is the screened Coulomb potential Rytova‐Keldysh potential

see e.g., PRB 96, 085302 (2017) 38



Basics of trion fine structure: interplay of two spin and valley states
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Bose‐Fermi mixtures of excitons and carriers: Trions & Fermi polarons

Exciton interacts with resident charge carriers

valence band

conduction band

valence band

conduction band

trion trion

Exciton can attract an electron and form a three‐particle bound state: trion
Lampert (1958); Stébé, A. Ainane (1989); Sergeev, Suris (2001)

Any electron can be picked up: “attractive impurity” in Fermi sea, i.e., Suris tetron/Fermi polaron
Suris (2001,2003); Schmidt et al. (2012); Sidler et al. (2016); Efimkin & MacDonald (2017)
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Suris tetron/Fermi‐polaron concept: Eb,X ≈ 200meV≫ Eb,T ≈ 20meV
J. Chem. Phys. 153, 034703 (2020)

Exciton in a Fermi sea
Photogeneration of an exciton and a trion formation: an electron is picked out of the Fermi sea to
form a trion and a Fermi‐sea hole is left behind. Trion+FS‐hole state (Suris tetron)

Ansatz manybody wavefunction EF ≪ Eb,T ≪ Eb,X

Ψk = φ(k)X†
k|0⟩+ ∑

p,q
Fp,q(k)X†

k+q−pe
†
p︸ ︷︷ ︸

trion

eq︸︷︷︸
FS−hole

|0⟩

Suris (2003), Chevy (2006)
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Optical absorption spectra: Theory

εT = −Eb,T + EF

{
MT
MX

− MX
MT

[
1− exp

(
−M2

X
M2

T

)]−1}
, GX(ε, 0) ≈ EF/Eb,T

4
(
MT
MX

)3
sinh2

[
1
2
(
MX
MT

)2]
(ε + εT + iδ/2)
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Optical absorption spectra: Theory
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Dispersion
Mo-based TMDC W-based TMDC

J. Lum. 273, 120700 (2024)
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Optical spectra of doped 2D semiconductors

Suris (2001,2003); Klawunn, Recati (2011); Koschorreck et al. (2012); Schmidt et al. (2012); Sidler et al. (2016); Efimkin & MacDonald (2017)

Nano Lett. 23, 4708 (2023)

44



Optical absorption spectra: Experiment and theory

Theory

PRB 96, 085302 (2017) J. Chem. Phys. 153, 034703 (2020)

In many cases, the trion and Fermi polaron approaches give same or similar results
J. Chem. Phys. 153, 034703 (2020); Phys. Rev. B 105, 075311 (2022); Nano Lett. 23, 4708 (2023)

The fine structure in these approaches is different because of their different statistics
2D Mater. 10, 035034 (2023); J. Lum. 273, 120700 (2024)
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Excited trion states

In MX2 monolayers the Coulomb interaction is strong and excited state trions
are observed where electron interacts with 2s exciton; Ebtr,2s ≈ 20meV
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Excited trions can autoionize: 2s− → 1s+ e−

Ebtr,2s ≈ Eb2s exp
( 1
DV22

)
, γtr,2s ≈ Ebtr,2sπ

|V12|2
|V22|2

Vij are the coupling matrix elements between is and js states
TU‐Dresden, Uni. Regensburg & Ioffe Phys. Rev. Lett. 125, 267401 (2020)
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Trions in van der Waals magnet CrSBrMagnons in CrSBr bilayers
Plethora of theoretical works, we need simplest possible model

6

where

Ak = 2(�JAM,0S + AM,↵�Sk↵k�), Bk = 2(�JAM,0S + Jb,0S). (23)

Hamiltonian (22) is readily diagonalized by the Bogolubov transform setting

ak = ukck + vkd
†
�k, bk = ukdk + vkc

†
�k, (24)

etc., with the coefficients uk, vk satisfying u
2
k � v

2
k = 1, with

uk = coshxk, vk = sinh xk, coth 2xk = �
Bk

Ak
,

yielding the energies

Ek =
1

2

q
B

2
k � A

2
k = S

q
(Jb,0 � AM,↵�k↵k�)(Jb,0 � 2JAM,0 + AM,↵�Sk↵k�). (25)

At k ! 0 it is in agreement with Ref. [? ] (bright and dark modes are degenerate at Kc = 0

in that work). At k > 0 the dispersion is parabolic. Compare the parabolic part of dispersion

with Ref. [? ].

IV. ANISOTROPIC LAYERED ANTIFERROMAGNET

The general Hamiltonian, in case we consider the orthogonal projections of spins do not

interact, is

H = �

Z
drdr0

J
AM
x (r � r0)S(1)

x (r)S(2)
x (r0)�

Z
drdr0

J
AM
y (r � r0)S(1)

y (r)S(2)
y (r0)

�

Z
drdr0

J
AM
z (r � r0)S(1)

z (r)S(2)
z (r0)

�
1

2

Z
drdr0

J
FM
x (r � r0)

⇥
S
(1)
x (r)S(1)

x (r0) + S
(2)
x (r)S(2)

x (r0)
⇤

�
1

2

Z
drdr0

J
FM
y (r � r0)

⇥
S
(1)
y (r)S(1)

y (r0) + S
(2)
y (r)S(2)

y (r0)
⇤

�
1

2

Z
drdr0

J
FM
z (r � r0)

⇥
S
(1)
z (r)S(1)

z (r0) + S
(2)
z (r)S(2)

z (r0)
⇤
. (26)

We introduce

J
AM/FM
�,0 =

Z
d⇢JAM/FM

� (⇢), 
AM/FM
�,↵� =

1

2

Z
d⇢⇢↵⇢�J

AM/FM
� (⇢).

Ferromagnetic coupling of spins within the layers

Antiferromagnetic interlayer interaction

<latexit sha1_base64="P5wiTiY2fQHZ70zqNuzT8B+C7UA=">AAACJnicbVDLSsNAFJ34rPUVdekmWAQ3lqT4WhbrwmUF+4A2hMl02g6dyYSZSTGE9Cf8CX/Bre7dibgTv8RpG8G2Hhg4nHMv98zxQ0qksu1PY2l5ZXVtPbeR39za3tk19/brkkcC4RrilIumDyWmJMA1RRTFzVBgyHyKG/6gMvYbQywk4cG9ikPsMtgLSJcgqLTkmac3XlLqp6M28/lDwkU6qmhh+CuEnATKkjFjWIk49cyCXbQnsBaJk5ECyFD1zO92h6OI4UAhCqVsOXao3AQKRRDFab4dSRxCNIA93NI0gAxLN5l8K7WOtdKxulzop1NM1L8bCWRSR/P1JIOqL+e9sfif14pU98pNSBBGCgdoeqgbUUtxa9yR1SECI0VjTSASRGe1UB8KiJRucuaKz9K8LsWZr2CR1EtF56J4fndWKF9n9eTAITgCJ8ABl6AMbkEV1AACj+AZvIBX48l4M96Nj+nokpHtHIAZGF8/XTun1w==</latexit>

D2h or C2v point symmetry

79 

6.2 CrSBr: 2D Ferromagnetic Semiconductor 

 

Figure 6.2. Crystal structure of CrSBr, viewed along (a) c, (b) b, and  (c) a axes. 

 

Figure 6.3. (a) Band structures and (b) density of states for majority and 
minority spins of monolayer CrSBr. Adapted with permission from ref. 169. 
Copyright 2018, Royal Society of Chemistry. 

CrSBr is a bulk-antiferromagnetic material with an intralayer ferromagnetic and interlayer 

antiferromagnetic ordering.170 Ferromagnetic ordering in in-plane with a direction as an easy axis, 

with the Néel temperature of 132 K. CrSBr has a quasi-one-dimensional structure along the b-

direction with Cr-Cr distance in b is 3.512 Å, which are placed in a zigzag pattern along the a-

direction (Figure 6.2). The material has intralayer ferromagnetic ordering with interlayer 

antiferromagnetism below 𝑇𝑁 = 132 K, similar to CrX3 (X = Cl, Br, I).36,56,171 The material is 
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Ferromagnetic coupling of spins within the layers

Antiferromagnetic interlayer interaction
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6.2 CrSBr: 2D Ferromagnetic Semiconductor 

 

Figure 6.2. Crystal structure of CrSBr, viewed along (a) c, (b) b, and  (c) a axes. 

 

Figure 6.3. (a) Band structures and (b) density of states for majority and 
minority spins of monolayer CrSBr. Adapted with permission from ref. 169. 
Copyright 2018, Royal Society of Chemistry. 

CrSBr is a bulk-antiferromagnetic material with an intralayer ferromagnetic and interlayer 

antiferromagnetic ordering.170 Ferromagnetic ordering in in-plane with a direction as an easy axis, 

with the Néel temperature of 132 K. CrSBr has a quasi-one-dimensional structure along the b-

direction with Cr-Cr distance in b is 3.512 Å, which are placed in a zigzag pattern along the a-

direction (Figure 6.2). The material has intralayer ferromagnetic ordering with interlayer 

antiferromagnetism below 𝑇𝑁 = 132 K, similar to CrX3 (X = Cl, Br, I).36,56,171 The material is 

dispersions in magnetic fields along the c and a axes18 allow us to
establish a self-consistent description of the neutral and charged
exciton complexes in the presence of coupling between intralayer and
interlayer excitons mediated by hole interlayer tunneling. We utilize
this understanding to demonstrate electric control of the metamag-
netic transitions induced by magnetic field along the b axis, with
pronounced exciton energy jumps correlated with themagnetic order
in bi- and trilayer18. Finally, we demonstrate how the coupling between
excitons and magnetism can be utilized for local sensing of magnetic
phases, which depend on both magnetic field and charge doping, and
extend the technique to optical raster-imaging of magnetic domains.

Results and discussion
Our field-effect device incorporates a CrSBr flake with mono-, bi-, and
trilayer regions, exfoliated from a bulk crystal grown by chemical
vapor transport (details in Methods). The CrSBr flake shown in the
optical micrograph of Fig. 1a has a characteristic shape, extended
along the crystallographic a axis18,26,27. Using the conventional dry-
transfer method28, we fabricated a single-gated device with hBN as
dielectric and few-layer graphene as top gate and contact layer (see
schematic in Fig. 1b, andMethods for fabrication details). To study the

sample by low-temperature differential reflectance (DR) and photo-
luminescence (PL) spectroscopy at 3.2 K as a function of electrostatic
doping, we identifymono-, bi-, and trilayer regions with strong exciton
resonances, marked by diamonds in the DR map of Fig. 1c.

The spectrum of the neutral monolayer at 0 V in the top panel of
Fig. 1d shows a feature in DR at 1.342 eV, which corresponds to a broad
absorption peak (see Supplementary Fig. 1a for absorption spectra
determined by Kramers-Kronig relation) and low-intensity PL (top
panel of Fig. 1e). The negligible energy shift between DR, absorption
and PL indicates amomentum-direct exciton transition18 labeled as XA.
Our theoretical analysis assigns the XA exciton to the transition
between the topmost valence band (v) and the lowest conduction
band (c1) at the Γ point of the first Brillouin zone, without clear con-
sensus on oscillator strength1314,17,1829,30. We adopt the notion of a
nominally dipole-forbidden transition v↔ c113 (see Methods for
details), brightened by the asymmetry of our structure and the high
surface-to-volume ratio of the monolayer and persisting in the DR
spectra of the neutral bi- and trilayer in the top panels of Fig. 1f, h,
respectively (see Supplementary Fig. 2 for exciton layer assignment).

The assignment of the transition to the top valence and bottom
conduction band is substantiated by the absence of striking signatures
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Fig. 1 | CrSBr field-effect device and spectral signatures of doping. a Optical
micrograph of the few-layer CrSBr crystal, with crystal axes and layer numbers
indicated (ML:monolayer, BL: bilayer, andTL: trilayer; dashed linesmark the crystal
boundaries, the rectangle corresponds to the region in c). b Field-effect device
layout with few-layer graphene top gate and contact (dark grey). The CrSBr layers
(blue and red indicating spin polarization in antiferromagnetic order) are encap-
sulated by two hBN flakes (light grey). c Differential reflectance (DR) map of the
region marked in a in the energy range of 1.3−1.4 eV (same color bar as f, h), with

blue areas corresponding to strong exciton resonances (dotted lines mark the few-
layer graphene contact, and black diamonds indicate the positions on mono-, bi-
and trilayer where all data were acquired; the two rectangles indicate the regions
studied in Fig. 4). d, eMonolayer DR and photoluminescence (PL) spectra at 0 and
30V (top panels) and the corresponding sweeps of the gate voltage VG (bottom
panels), respectively. f–i Same as d, e, but for bilayer (f, g) and trilayer (h, i). XA, XB,
and X0

B label neutral and X!
B charged exciton transitions.
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Dipolar repulsion of excitons in bilayers
Direct Coulomb interaction

U(R) ≈ 2e2
ε

(1
R
− 1√

R2 + d2

)
, V =

∫
U(R)d2R =

4πe2d
ε

+
-

+
-

Interaction‐induced blueshift ∆E(n) = Vn “plate capacitor model”
Butov, Shashkin, Dolgopolov, Campman, Gossard (1999)

Exciton‐exciton correlations: V → K(T)V, K(T) ≈ 0.1 . . . 1
Zimmermann, Schindler (2007,2008); Laikhtman, Rapaport (2009)

+ band gap renormalization and screening …
2D semiconductors: Erkensten, Brem, Perea‐Causín, Malic (2022); Steinhoff, et al. (2023)
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Exchange interaction of excitons in monolayers
In monolayers direct Coulomb interaction is suppressed due to the charge neutrality

SHAHNAZARYAN, IORSH, SHELYKH, AND KYRIIENKO PHYSICAL REVIEW B 96, 115409 (2017)

II. EXCITONIC SPECTRUM IN TMD MONOLAYER

To study the interparticle interactions in TMD monolayers,
one should take into account structural peculiarities of such
materials. Namely, the atomic thickness of the layer and
discontinuity of the dielectric screening on the monolayer
interface modifies the Coulomb interaction to the following
form [3]:

V (r) = e1e2

4πε0

π

2r0

[
H0

(
r

r0

)
− Y0

(
r

r0

)]
, (1)

where e1,e2 denote the charge of particles, r is the interparticle
distance, and r0 is a quantity describing the polarizability of
the monolayer. H0 and Y0 are zero order Struve and Bessel
functions of the first kind, respectively. The modification
of Coulomb interaction results in the qualitative change of
the excitonic spectrum [15,20], which in this case cannot
be considered as a common 2D hydrogenic spectrum of
the form En = µe4/[2(4πε0ε)2h̄2(n − 1/2)2], where n is a
principal quantum number of the exciton, µ is reduced mass
of an electron-hole pair, ε corresponds to the static dielectric
screening constant, and ε0 is the vacuum permittivity.

The excitonic states should be found as eigenstates of the
Hamiltonian

Ĥexc = − h̄2

2µ
# + V (r), (2)

with V (r) taken in the form of Eq. (1). As a first approximation
one can use the variational method, where the trial functions
are similar to the conventional 2D excitonic functions and
excitonic Bohr radius plays a role of variational parameter [44]:

ψn,m(r) = 1√
2λn

√
(n − |m| − 1)!

(n + |m| − 1)!(n − 1/2)3

×
(

r

(n − 1/2)λn

)m

exp
[
− r

(2n − 1)λn

]

×L
2|m|
n−|m|−1

[
r

(n − 1/2)λn

]
1√
2π

eimϕ . (3)

Here Lm
n [x] denotes the associated Laguerre polynomial, λn

is a variational parameter, and m is an angular momentum
quantum number. Contrary to the conventional quantum
well exciton, where all states have the same radial
characteristic—two-dimensional Bohr radius, in the case of a
monolayer the spatial parameter λn changes from state to state.

To be specific, we consider the WS2 monolayer, noting
however that all results are of general character and are
applicable for the whole family of TMD monolayers. Accurate
calculation of exciton series confirmed by experimental data
was done in Ref. [20], where the value of polarizibility
parameter r0 was found to be equal to 7.5 nm. Here, we
reproduce these results by the binding energy minimization
using λn as a variational parameter. The corresponding values
of the exciton energies and spatial characteristics λn are
presented in Table I. Note that, while the energies of the lower
states are essentially nonhydrogenic, for the states starting
from n = 3 the conventional n−2 energy dependence can be
observed. Correspondingly, the saturation of the λn values can
be seen for higher states.

TABLE I. Spatial characteristics (λn) and energies of excitons
(En) of different states n calculated for the WS2 monolayer.

n λn (nm) En (meV)

1 1.7 320
2 0.65 160
3 0.45 90
4 0.35 60
5 0.3 50

III. EXCITON-EXCITON INTERACTION

We consider a TMD monolayer (see sketch in Fig. 1)
and calculate the interaction between excitons. Analyzing the
asymptotic behavior of the potential given by Eq. (1) one can
find its accurate approximate expression [4]

V (r) = − e1e2

4πε0

1
r0

[
ln

(
r

r + r0

)
− (γ − ln2)e− r

r0

]
, (4)

which is used in further calculations. γ denotes Euler gamma
constant. To calculate interactions between TMD monolayer
excitons in the ground and excited states, we employ the
method similar to those used by us before for the case of III-V
semiconductor quantum well structures [45]. It represents
the generalization of the Coulomb scattering formalism for
the ground state excitons in quantum wells developed in
Refs. [46,47]. The wave function of an exciton with a wave
vector Q can be written in the form

(Q,n,m(re,rh) = 1√
A

exp[iQ(βere + βhrh)]ψn,m(|re − rh|),

(5)

where re,rh are the radius vectors of an electron and a
hole, respectively, and A denotes the normalization area.
The coefficients βe,βh are defined as βe(h) = me(h)/(me + mh),
where me(h) is the mass of an electron (hole). The wave function
of relative motion of an electron and a hole motion is described
by Eq. (3).

We consider the interaction of the excitons in the same
states with parallel spin projections. In this case the process of
Coulomb scattering in reciprocal space with transfer of wave

FIG. 1. Sketch of the system. A transition metal dichalcogenide
monolayer hosts excitonic quasiparticles formed by electrons (blue
circles) and holes (red circles). The scattering between two excitons
corresponds to the Coulomb interaction between carriers, consisting
of the direct and exchange contributions. The latter is dependent on
the exciton wave function overlap, shown in green.

115409-2

Exchange contribution⇒ overlap of the wavefunctions:

V↑↑ ∼ EBa2B, V↑↓ ∼
h̄2

M
ln
(
− E
Ebi

)
Quantum wells: Ciuti, Savona, Piermarocchi, Quattropani, Schwendimann (1998); Combescot, Betbeder‐Matibet, Dubin (2008);

Microcavities: Tassone, Yamamoto (1999); MMG, Ouerdane, Pilozzi, Malpuech, Kavokin, D’Andrea (2009);
2D semiconductors: Shahnazaryan, Iorsh, Shelykh, Kyriienko (2017)
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Exciton‐exciton annihilation: Auger‐like process

Resonant interaction of excitons

c

c'

Conservation laws:

E1+E2 = Ef, K1+K2 = Kf

Resonance: E′g ≈ Eg − EB

dncv
dt

= −RAn2cv = −dnc′v
dt

RA ∝
E2B
kBT

∣∣∣∣pcvpc′vEgEg′

∣∣∣∣2 e−|δ|/kBT

Resonant Auger process populates excited states
(photoluminescence upconversion)

(eV) MoS2 MoSe2 WSe2 MoTe2
Eg 1.8 1.6 1.7 1.7
E′g 1.2 1 1.4 1.3
EB 0.2 0.18 0.16 0.16

Nat. Communs. 8, 14927 (2017); Phys. Rev. X 8, 031073 (2018); Nat. Communs. 13, 6980 (2022)
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“High‐lying” conduction band cb+ 2 in MX2 hasme < 0

Kormanyos et al. (2015)
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Optical selection rules to the high‐lying band are inverted

the electron-doping, neutral, and hole-doping regimes. The highest-
energy peak in the spectra again arises from the CW SHG, which, in
accordance with the selection rules intrinsic to the C3 symmetry30,31,
always retains a CP opposite to that of the incident laser and therefore
serves as a reference. Remarkably, the UPL from both HX trions is
circularly polarized by up to 50%, whereas the UPL of the neutral HX
appears unpolarized. This stark difference in the valley polarization of
neutral and charged HXs could be due to the efficient electron-hole
exchange interaction32–34, the underlying formation mechanism as
illustrated in Supplementary Fig. 5, or differences in their lifetime.
Given that spin-valley locking is only effective in a limited region of
momentum space around the K-points for the high-lying conduction
band16, the observed valley polarization of high-lying trions also cor-
roborates our earlier finding that stable high-lying excitons must ori-
ginate from the ±K-points16.

Surprisingly, HX− and HX+ exhibit opposite valley polarizations,
and the CP UPL hence shows opposite helicity, in stark contrast to the
band-edge trions, which generally exhibit the same helicity1,27,29.
Helicity-resolved two-photon PL of the neutral and charged HX dis-
plays identical behavior as shown in Supplementary Fig. 4. The HX+

shows CP opposite to that of the excitation (Fig. 2g, i). This inversion
agreeswith the significant difference in selection rules for VB↔CB and
VB↔CB+2 transitions in the same ±K valley35,36, as summarized in
Table 1. In contrast, the HX− state is co-polarized with the laser, which
indicates a localization at the −K valley according to the selection rule
as sketched in Fig. 2h. We note that such an opposite helicity of posi-
tive and negative trions has recently been observed for band-edge
excitons inmonolayerWSe2 under CW excitation and was rationalized
by the resident-carrier polarization effect37, i.e., the creation of a large
polarization of resident electrons at the valley opposite to that of
excitation. As illustrated in Fig. 2h and elaborated on in Supplementary
Fig. 6, we therefore conclude that the most probable configuration of
theHX− is intravalley in nature. Becauseof the large spin–orbit splitting
in the top valence band, this polarization process is not expected to be
applicable to resident holes.

High-lying excitons and trions in monolayer MoSe2
Since the resident-carrier polarization effect relies on a fast intervalley
scattering of the excited electron from the upper spin-split CB to the
lower spin-split CB, it is not expected to arise in MoSe2 monolayers,
where photoexcited electrons reside in the lower spin-split CB. We
would therefore expect positively and negatively charged high-lying
trions inMoSe2 to both have the same helicity, opposite to the helicity
of the band-edge excitation. To test this hypothesis, we investigate the
high-lying exciton and trions in a monolayer MoSe2 transistor device.

Figure 3a presents the PL of band-edge excitons from monolayer
MoSe2 as a function of the gate voltage.Weprobe theHXby resonantly
pumping the A exciton and measuring the high-energy UPL. Figure 3b
shows the UPL and CW SHG of monolayer MoSe2 as a function of the
gate voltage. In stark contrast to the broad linewidth of thewell-known
C exciton38,39, a narrow-band high-energy emission feature indeed
appears right below the CW SHG, reminiscent of the HX in monolayer
WSe2. Figure 3c shows a rescaled plot, where the gate voltage depen-
dence of this feature is clearly resolved and closely correlates with the

gate voltage dependence of the band-edge excitons in Fig. 3a. We
assign this feature to the HX of monolayer MoSe2 and the associated
trions. Following our initial report of the HX in monolayer WSe216, this
observation constitutes the first experimental confirmation of the
high-energy and narrow-linewidth state in another type of TMDC
monolayer. The fact that HX+ andHX− have the same binding energy in
this case, in contrast to the case ofWSe2, matches well with the finding
that positively and negatively charged A excitons have the same
binding energy as seen in Fig. 3a and previously reported in ref. 5. This
observation has been supported by the fact that the band-edge elec-
trons and holes having the same effective mass5. We further char-
acterize the helicities in the n-doped, neutral, and p-doped regimes. As
shown in Fig. 3d–f, HX− and HX+ have the same helicity, opposite to
that of the excitation laser, which matches well with what is expected
from the selection rules in Table 1 when there is no resident-carrier
polarization effect. Supplementary Fig. 8 shows the SHG on the
full scale.

Theoretical considerations of high-lying trions
Next, we consider the high-lying trions with negative-mass electrons
from a theoretical perspective. We first analyze the HX binding ener-
gies in the parabolic approximation for the bands. We introduce the
hole effective mass,mh>0, the CB electron effective mass,m1>0, and
the effective mass of the high-lying electron from the CB+2 band,
m2<0. Corresponding electron-hole reduced masses are denoted as
μ1 =m1mh=ðm1 +mhÞ and μ2 =m2mh=ðm2 +mhÞ. Accordingly, μ2>0
because ∣m2∣>mh

16. In the case of HX+, the calculation of the trion
binding energy can be performed following ref. 40 (see also refs.
41,42). This calculation yields the binding energy of the HX+ of
approximately 10% of the HX binding energy, depending on the
screening parameters and the effective masses, in reasonable agree-
ment with experimental observations for monolayer WSe2 summar-
ized in Table 2 and Supplementary Table 1.

The situation with the HX− is more involved. Due to the fact that
the trion envelope function should be symmetric with respect to the
permutation of identical charge carriers, while the antisymmetry of the
total wavefunction results from the Bloch amplitudes, the problem for
the HX− is mapped, in the parabolic approximation, to the problem of
the trion with an effectively reduced mass !μ#1 = ðμ#1

1 +μ#1
2 Þ=2 and an

effective-mass ratio σ =2m1m2= mh m1 +m2
! "# $

. As detailed in Supple-
mentary Note 3, the calculations show that, neglecting the non-local
dielectric screening effects, the trion binding energy can be recast as

Eb,HX# =
2μ2e4

_2k2

!μ
μ2

1 + χð Þ # 1
% &

:

Here, χ $ χ σð Þ≈0:1 ~ 0:5 is the ratio of the trion to exciton binding
energies in the case of equal effective masses of identical electrons.
The analysis shows that for the bound trion to exist, Eb,HX#>0, the
effective masses need to satisfy stringent conditions, mh<2χm1 and
m2 <m1mh 1 + 2χð Þ=ðmh # 2χm1Þ, which are not necessarily given for
realistic band-structure parameters (see Supplementary Note 3 for a
detailed discussion). Atomistic calculations show, however, that the
dispersion of the high-lying CB+2 band is strongly non-parabolic.
We analyze the role of quartic terms in the CB+2 dispersion taken in
the simplest form ECB+ 2 = _

2k2=2m2 +Bk
4, with B > 0. Variational

calculations presented in Supplementary Note 3 demonstrate that
form2 <0 and a not too small B>0, bound HX− states can exist with
binding energies in the range of 0.1–1 of the exciton binding energy.
We also confirm these variational calculations with the model of
contact interaction of the exciton and free electron, accounting for
non-parabolic terms in the dispersion. Consideration of dielectric
screening by the Rytova-Keldysh potential43 does not qualitatively
change the results. However, a detailed comparison between the

Table 1 | The selection rules of the group C3h at +K and −K
valleys for circularly polarized PL

Transition +K valley −K valley

Irrep Helicity Irrep Helicity

VB↔CB+2 A0 ↔ E0
2 σ# A0 ↔ E0

1 σ +

VB↔CB A0 ↔ E0
1 σ + A0 ↔ E0

2 σ#

Irrep irreducible representation.
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High‐lying vb ↔ cb+ 2 excitons in WSe2 monolayers are formed as a
result of a resonant Auger process E′g ≈ Eg − Eb

Nat. Communs. 8, 14927 (2017); Phys. Rev. X 8, 031073 (2018)

high‐lying (HX) excitons

Lin, K.-Q. et al. Narrow-band high-lying excitons with negative-mass 
electrons in monolayer WSe2. Nat. Commun. 12, 5500 (2021).

Экспериментальное наблюдение 

экситонов с электроном из верхней 

зоны проводимости с отрицательной 

эффективной массой

А что насчет трионов,
связанных с такими
экситонами?

Энергия экситонного перехода 

соответствует электрону из зоны 

проводимости с отрицательной 

эффективной массой  

strong exciton‐phonon coupling results in replicas (1− 9)
observation of HXs: Kaiqiang Lin et al. (2021)
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High‐lying trions with 20 . . . 40meV binding energies

Here, we demonstrate experimentally and theoretically that such
high-lying trions with negative-mass electrons can indeed form. We
probe these charged HXs in a monolayer WSe2 transistor, where the
charge carrier density can be continuously controlled via the gate
voltage. We generalize these observations by demonstrating that
similar features exist in a monolayer MoSe2 transistor. In contrast to
the neutral HX, high-lying trions show pronounced helicity following a
valley polarization selection rule that is distinct from those of the
band-edge transitions. In addition to the bright HX trion, a
dark charged p-like HX is identified by the signature of excitonic
quantum interference in SHG. Finally, we demonstrate robust control
of excitonic quantum interference by the gate voltage.

Results
Electrical tuning of high-lying trions in monolayer WSe2
Figure 1a illustrates twoconceivable configurations of high-lying trions
in the vicinity of the K-points in momentum space: the photoexcited
electron in the high-energy CB+2 band, and the photoexcited hole in
the top valence band (VB) forming a negative (positive) trion with an
additional resident electron (hole) at the band edge. To probe these
trions, a gate-tunable device is needed to control the charge carrier
density, i.e., the doping, in the monolayer. Figure 1b illustrates the
monolayer WSe2 transistor device, a microscope photograph of
which is shown in Fig. 1c. The gate-voltage dependence of photo-
luminescence (PL) from band-edge excitons is first measured to
characterize the control of doping in monolayer WSe2. Figure 1d
reproduces the characteristic features of the well-documented band-
edge excitonic species, such as the negatively charged A exciton
singlet (X!

S ) and triplet (X!
T ), the positively charged A exciton (X+), the

biexciton (XXD), the intervalley dark exciton (XD), and the charged
dark excitons (X+

D and X!
D)

20–22. With a thin graphite flake (few-layer
graphene) as the top gate, such gate-voltage dependent measure-
ments are completely reversible without noticeable hysteresis, as

discussed in Supplementary Note 1 and Supplementary Fig. 1. From the
appearance of the neutral exciton species such as the neutral dark
exciton and biexciton in Fig. 1d, we can identify the charge neutrality
point centered around −0.15 V.

Resonant pumping of the A exciton followed by Auger-like exci-
ton-exciton annihilation selectively promotes electrons to the high-
lying conduction band near the ±K-points in momentum space,
forming a high-lying exciton HX16,23,24. Supplementary Fig. 2 shows a
pump power dependence of UPL supporting the Auger-like process.
Figure 1e shows the gate-voltage dependence of upconverted PL (UPL)
in the energy range of 3.2 to 3.5 eV under continuous-wave (CW)
excitation at 1.724 eV, i.e., at about twice the excitation energy.
Figure 1f shows example UPL spectra at gate voltages of +0.2 V
(negatively charged), −0.15 V (neutral), and −0.5 V (positively charged).
In the neutral regime, the UPL spectrum of the HX (black line) shows a
characteristic phonon progression, as reported previously16, along
with a sharp spectral feature at 3.448 eV, which arises due to the CW
SHG of the incident laser25. The zero-phonon line of the HX is marked
as HX0. Strikingly, newpeaks emerge under both positive and negative
doping (Fig. 1e). In the electron-doping regime, a new peak appears
43meV below the HX0. In the hole-doping regime, a peak emerges
35meV below the HX0. These two peaks have narrow linewidths
resembling those of the HX and are therefore assigned to the nega-
tively (HX−) and positively (HX+) charged HX. As shown in Fig. 1e and
Supplementary Fig. 1, gate voltages of +0.2 V and −0.5 V correspond to
a lowdoping regimewhere the Fermi level is close to the band edges to
within 1meV26. The offsets of the trion transitions observed with
respect to HX0 are therefore attributed to their binding energies. As
listed in Table S1, these binding energies are, on average, 1.4 times as
large as those of band-edge (A exciton) trions, in line with the fact that
the HX binding energies, calculated from ab initio GW-BSE theory, are
about 1.3 times as large as the A-exciton binding energy16. The nega-
tively charged HX has larger binding energy than the positively

a cb

d e f
42.6 meV

35.2 meV

HX-

n-doped

p-doped

HX-X-
TX-

S

XXX

X+ -0.5 V

-0.15 V
neutral

n-doped

p-doped

0.2 V

CW SHG

Momentum

En
er

gy

20 µm

Graphite
top gate

WSe2

Graphite contacts

HX0

Phonon 
replicas 

HX+

HX+

Momentum

En
er

gy

+K -K
Si/SiO2

hBN

hBN
Graphite

GrGr
Vgate

WSe2

X+
D

XD D

X-
D

SHG

+K -K

Fig. 1 | High-lying trions in monolayer WSe2. a Illustration of negatively and
positively charged high-lying excitons (HX), composed of an electron from a high-
lying conduction band with negative effective mass, a hole from the first valence
band, and an additional charge from a band-edge state. The semi-transparent
electron and curved lines on the left illustrate an alternative structure of the
negatively chargedHX, where the electrons are in different valleys.b, c Schematics
and microscope photograph of the transistor device. The WSe2 monolayer is
encapsulated between thin hBN layers and connected to pre-pattern gold

electrodes via graphite flakes. The uppermost graphite flake covering monolayer
WSe2 serves as the topgate.dPhotoluminescence (PL)of band-edge excitons (X) at
488 nmexcitation,measured as a function of gate voltage. eUpconverted PL (UPL)
of the HX at 719.2 nm (1.724 eV) excitation,measured as a function of gate voltage.
The features attributed to the negatively charged HX and to the positively charged
HX aremarked as HX− and HX+, respectively. f Sample UPL spectra at gate voltages
of 0.2 V (electron doping), −0.15 V (neutral), and −0.5 V (hole doping). All mea-
surements were performed at 5 K.
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experiment and theory, and fitting of the binding energies, requires
accounting for the dielectric screening and the full dispersion of CB
+2, including its anisotropy, and goes beyond the current work.

Electrical control of excitonic quantum interference
Having presented experimental evidence and a theoretical rationali-
zation of high-lying trions, we now turn to the influence of the elec-
trical tunability of these species on excitonic quantum interference.
Optical re-excitation of one and the same electron by a femtosecond
laser pulse can drive direct transitions between the band edge and the
high-lying conduction band, providing an optical couplingmechanism

that interconverts the band-edge A exciton and an HX state16,17. Such a
high-energy state is clearly identified in the two-photon excitation
spectrumbut not in the luminescence16, and is therefore attributed to a
dark p-like HX. Because of the lack of an inversion center inmonolayer
WSe2, both the s-like and p-like excitons at the band edge are mixed
and can be simultaneously one- and two-photon active44. However, the
p-states are expected to dominate the two-photon absorption44. The
same should be true for the trions. Together with the ground state of
the system, i.e. the state where no exciton is present, an excitonic
three-level system is formed. Interactions with the light field can then
be treated in analogy to the familiar case of atomicmulti-level systems
in quantum optics17,45. As illustrated in the left panel of Fig. 4b, laser-
driven transitions between states can undergo Rabi oscillations.
The associated quantum interference between |1> → |2> and |1>→
|2> → |3> → |2> transition pathways is then observed in the SHG spec-
trum generated by a femtosecond laser pulse17. These interferences
appear as dips in the SHG spectrumalongwith a characteristic spectral
anti-crossing feature in the excitation-energy dependence of the SHG
spectra, shown in the left panels of Fig. 4a.

In analogy to the neutral excitonic three-level system reported
previously16,17, it is conceivable that a band-edge trion and a p-like HX
trion can also form a three-level system, which should give rise to an

a cb
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Fig. 3 | High-lying excitons and trions in monolayer MoSe2. a Doping
dependence of band-edge excitons (X) from monolayer MoSe2, measured by
the PL as a function of the gate voltage applied to a top graphite electrode.
b UPL as a function of gate voltage. The excitation is at 1.654 eV in resonance
with X. The features attributed to the neutral HX, and the negatively and
positively charged HX are marked as HX0, HX−, and HX+, respectively. c A
rescaled plot of panel B highlighting the HX emission. d–f Polarization resolved

UPL spectra at gate voltages of 2 V (d), 0 V (e), and −2 V (f). g Illustration of
resonant pumping scheme of the A exciton in the +K valley with a σ+ circularly
polarized CW laser. The inset illustrates the Auger-like exciton-exciton
annihilation process. h Schematic of the dominant negatively charged high-
lying trion at the +K valley, with σ− polarized emission. i Schematic of
the dominant positively charged high-lying trion at the +K valley, with
σ− polarized emission.

Table 2 | Experimental binding energies of the high-lying
trions and band-edge trions in hBN encapsulated monolayer
WSe2 and MoSe2

High-lying trions WSe2 MoSe2

HX− HX+ HX− HX+

Binding energy (meV) 43 35 21 21

Band-edge trions X!
S X!

T X+ X− X+

Binding energy (meV) 36 29 21 26 26
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Deformation potential
Energy

Lattice deformation⇒ shift of the electron and hole energies⇒ variation of exciton energy

∆Ex = (Dc − Dv)(ϵxx + ϵyy) ∝ (q · uq)

Matrix element:

Mq
k′k =

√
h̄

2ρΩqS
q(Dc − Dv)F (q), F (q) ≈ 1

[1+ (qaB/4)2]3/2 ≈ 1

effective for LA mode; piezo interaction [∝ √q/(1+ r0q) in 2D] is weak Exciton‐phonon scattering rates
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Steering excitons by strain F = −(Ξc − Ξv)∇(uxx + uyy)

Benimetskiy et al. (2019); Rosati et al. (2020); Moon et al. (2020); Dirnberger et al. (2021); Hyeongwoo Lee et al. (2021)

59



Polarons: combining electronic and vibrational excitations

Electrons “drag” crystal lattice ⇒ energy and mass renormalization.
Electrons are “dressed” by phonons (usually, long‐wavelength optical).

Landau (1933); Pekar (1946); Landau, Pekar (1948); Fröhlich (1954)
Froöhlich polaron in 2D MX2 :P.‐F. Li, Z.‐W. Wang, JAP 123, 204308 (2018); Q. Chen, W. Wang, F. M. Peeters, JAP 123, 214303 (2018)

Two valleys: Intervalley polaron

Glazov, Semina, Robert, Urbaszek, Amand, Marie, PRB 100, 041301(R) (2019)

Flexural vibrations: flexuron and interlayer polaron

Katsnelson, PRB 82, 205433 (2010); Semina, Glazov, Sherman, Ann. Phys. (Berlin), 2000339 (2020)
Iakovlev, Semina, Glazov, Sherman, PRB 105, 205305 (2022)
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Strain‐induced effective Hamiltonian

Deformation tensor uij ≡
1
2

(
∂ui
∂xj

+
∂uj
∂xi

)
= uji

Pseudospin Hamiltonian H =
h̄
2 (σ̂ · Ω)

Ωx = A(K)(K2x − K2y ) + B(uxx − uyy)
Ωy = 2A(K)KxKy + 2Buxy
Ωz = C[(uxx − uyy)Kx − 2uxyKy]

Strain breaks three‐fold rotational symmetry of the ML⇒ linear polarization, splitting of states

Details on pseudomagnetic field
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Experiment and theory4 3 2 1 0 -1 -2
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Band structure and optical selection rules

Mo‐based
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Band structure and optical selection rules

W‐based
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Technical details

2D layer in vacuum, polarizability α ≈ εTMD−1
4π a0:

P(ρ, z) = δ(z)αE∥(ρ, z = 0), E∥ = −∂ϕ(r)
∂ρ

.

Induced charge density

eδn = −∂Px
∂x

− ∂Py
∂y

= δ(z)α
∂2φ

∂ρ2 .

Maxwell’s equation

divE = −∂2ϕ

∂r2
= 4πe[δ(0) + δn].

In the k‐space
(k∥

2 + k2z )ϕk∥ ,kz = 4πe− 4παk∥
2
∫ ∞

−∞

dkz
2π

ϕk∥ ,kz ,

Vk∥ = −e
∫ ∞

−∞

dkz
2π

ϕk∥ ,kz = − 2πe2

k∥(1+ 2παk∥)
⇒ V(ρ) = ∑

k∥

Vk∥e
ik∥ ·ρ
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Light‐matter coupling: Quantum electrodynamics
Shifts of the excited and ground states due to the virtual photon emission‐absorption processes:

∆Eexc = ∑
j

|Vj|2
Eexc − h̄ωj + i0 , ∆E0 = ∑

j

|Vj|2
−Eexc − h̄ωj + i0

∆E = ∆Eexc − ∆E0 = 2Eexc ∑
j

|Vj|2
E2exc − (h̄ωj)2 + i0 ⇒ 4π

∣∣∣∣EexcDexc
h̄c

∣∣∣∣2 GEexc/h̄(zML, zML)

Lamb shift= Re{∆E}, radiative decay= Im{∆E}
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Light‐matter coupling: Transfer matrix method

T̂tot = T̂SiO2→SiT̂SiO2 T̂hBN→SiO2 T̂
′
hBNT̂MoSe2 T̂hBNT̂air→hBN

(Eexc − h̄ω)Pexc(z) = |Dexc|2E(zML)δ(z− zML)

E(z) = −4π
(ω

c

)2 |Dexc|2
Eexc − h̄ω

E(zML)Gω(z, zML)

h̄δωeff
0 − ih̄Γeff

0 = 4π

∣∣∣∣EexcDexc
h̄c

∣∣∣∣2 GEexc/h̄(zML, zML)

General case: linear response theory
eigenmodes are the poles of the reflectivity

rtot(ω) =
Zr

ωeff
0 − ω − i(Γeff

0 + Γ)
+ . . .

Monolayer on a substrate with reflectivity rs ≈ re2iqd ⇒ oscillatory dependence on d

Γeff
0 ≈ Γvac

0 (1+ Re{rs})︸ ︷︷ ︸
Purcell effect

, ωeff
0 ≈ ω0 + Γvac

0 Im{rs}︸ ︷︷ ︸
Lamb shift
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“Polariton” effect in 2D: experiment and theory
Phys. Rev. Lett. 131, 116901 (2023)

rs ≈ r exp (2iqd)
Purcell effect Γ0 = Γvac

0 (1+ Re{rs})

variation of exciton radiative lifetime
also confirmed on MoSe2 : Phys. Rev. Lett. 123, 067401 (2019)

Lamb shift ∆E = h̄Γvac
0 Im{rs}

variation of exciton transition energy

see also:
Horng et al., Optica 6, 1443 (2019); Zhou et al., Phys. Rev. Lett. 124, 027401 (2020); Rogers et al., Phys. Rev. Research 2, 012029 (2020); Groep et al., Nat. Photonics 14, 426 (2020)

Environment also affects spin/valley dynamics of excitons: PRB 103, 085302 (2021)

Review on Purcell effect in 2D: Comptes Rendus. Physique 22, 43 (2021) 63



Electron‐hole exchange interaction: microscopics
Long‐range exchange interaction results from the interaction of exciton with the induced
electromagnetic field Bir, Aronov, Pikus (1971); Denisov, Makarov (1973)

CONTROL OF THE EXCITON VALLEY DYNAMICS … PHYSICAL REVIEW B 103, 085302 (2021)

(a) (b)Exciton Direct interaction (c) Exchange interaction

FIG. 4. Diagrammatic representation of excitons. (a) Excitonic contribution to the polarization of the monolayer. Solid lines are the
electronic Green’s function; dashed lines are the photon Green’s function. The sum of the Coulomb ladder is represented by the filled left
vertex of the diagram. (b) Diagram representing the direct Coulomb interaction where the charge carriers do not change the bands and the
transferred energy is zero. (c) Diagram representing the exchange Coulomb interaction where the electron-hole pair virtually annihilates and
reemerges. Transferred energy is h̄ω.

Correspondingly, the eigenstates of the exciton can be found
from the equation

det
{
h̄(ω0 − ω)δαβ + V exch

αβ;q

}
= 0. (28)

One can readily check that Eq. (28) is equivalent to Eq. (8).

III. CONTROL OF THE EXCITON SPIN AND
VALLEY DYNAMICS

In this section we present the model description of the
exciton valley dynamics. We present and solve the kinetic
equation for the exciton density matrix and analyze the impact
of the environment in the van der Waals heterostructure on the
valley depolarization.

A. Kinetic equation and its solution

We describe valley dynamics of excitons in monolayer
semiconductors within the pseudospin density matrix ap-
proach [39–41,44]. We introduce the 2 × 2 density matrix

%K = nK + σ · sK, (29)

where nK is the average occupancy of the orbital state K,
i.e., nK is the exciton distribution function, and sK is the
pseudospin distribution function, with the sK,z component
describing the valley polarization or circular polarization of
excitons, while the in-plane components sK,x, sK,y describe the
valley coherence or exciton alignment or linear polarization.
In Eq. (29), σ = (σx, σy, σz ) is the vector composed of the
2 × 2 Pauli matrices; the unit matrix in this notation is omit-
ted.

In the basis of circularly polarized components, the Hamil-
tonian of the exciton LT splitting takes the form

H(K ) = 'ELT

2
[σx cos (2ϕK ) + σy sin (2ϕK )]

= h̄
2

("Kσ), (30)

where the vector

"K = ('ELT /h̄)[cos (2ϕK ), sin (2ϕK ), 0] (31)

plays the role of the exciton pseudospin precession frequency
in the effective field caused by the LT splitting.

Within the relaxation time approximation the kinetic equa-
tion for the exciton pseudospin distribution takes the form [40]

(cf. Ref. [59])

∂sK

∂t
+ sK × "K + sK − s̄K

τ
= gK . (32)

Here τ is the exciton relaxation time, s̄K = (2π )−1
∫ 2π

0 sK dϕK
is the angular average of the exciton pseudospin, and gK is the
pseudospin generation rate. The phonon-assisted processes of
valley depolarization [37] (see also Ref. [60]) can be included
in kinetic equation (32) as well, but they are expected to
be much less sensitive to the dielectric environment of the
monolayer.

In what follows we consider the simplest and experimen-
tally relevant situation where the valley-polarized excitons
are created by a short circularly polarized light pulse. We
perform further calculations in the approximation of the fast
exciton energy relaxation: We suppose that after an ensem-
ble of excitons is excited by optical pulse, the Boltzmann
energy distribution sets in a short time by valley-conserving
processes. Thus we employ the following initial condition for
Eq. (32) and set gK = 0:

sz,K (t = 0) = s0
2π h̄2

mS
exp(−ε/T )

T
. (33)

Here ε = h̄2K2/2m is the exciton kinetic energy, T is the
temperature measured in energy units (kB ≡ 1), S is the nor-
malization area, and s0 =

∑
K sz,K (t = 0) is the average spin

at t = 0. Since our aim is to study the effect of the dielectric
environment on the exciton valley dynamics, we, for simplic-
ity, abstain from the description and analysis of the exciton
formation processes and details of its energy relaxation which
requires also the inclusion of the energy relaxation processes
in the kinetic equation (32) (cf. Refs. [32,36,61,62]). We also
stress that the condition T τ/h̄ $ 1 is fulfilled; otherwise the
corrections to the kinetic equation related, e.g, to the weak
localization effects should be taken into account [63].

Making use of the explicit form of "K one arrives at the
following equation for the s̄z,K [64]:

(
∂

∂t
+ 1

τ

)
∂

∂t
s̄z,K + -2

K s̄z,K = 0, (34)

where we took into account that sz,K = s̄z,K . In agreement with
Refs. [65,66] we obtain the expression for valley polarization
dynamics:

s̄z,K = e− t
2τ

(
sinh qt

2τ

q
+ cosh

qt
2τ

)
sz,K (t = 0), (35)

085302-7

Vexchαβ,K = −2h̄ω

c
Γ0Gαβ(ω,K, z = 0, z′ = 0)

∆E−∇(∇ · E) +
(ω

c

)2
ε(z)E = −i

4πω

c2
j(z)

Eα(z) = i
4πω

c2
∫

Gαβ(ω;K; z, z′)jβ(z′)dz′

det
{

δαβ −
2iω0
c

iΓ0
ω − ω0 + iΓ

Gαβ(ω0,K; 0, 0)
}

= 0
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Fermi‐polaron concept (pedestrian approach) — I
J. Chem. Phys. 153, 034703 (2020)

valence band

conduction band

Intravalley interaction(a)

valence band

conduction band

Intervalley interaction (b)

(c) (d)Trion states

Attractive “impurity” in a Fermi‐sea: Eb,X ∼ 300meV≫ Eb,T ∼ 30meV
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Fermi‐polaron concept (pedestrian approach)
J. Chem. Phys. 153, 034703 (2020)Exciton‐electron scattering matrix

G(ε, k) =
1

ε − E− h̄2k2
2mx

+ i0

T(ε, k) = V+ V∑
p
(1− np)G

(
ε − h̄2p2

2me
, k− p

)
T(ε, k)

Eb,T ≈ Eb,X exp
( 1
DV

)

...

X

e

e
h

...

X

=

X

e

X

T

Bound state wavefunction
trion (var.): φ(ρ1, ρ2) ∝ e−ρ1/ax−ρ2/atr + e−ρ2/ax−ρ1/atr

ρ1 = re,1 − rh, ρ2 = re,2 − rh

FP (short‐range): Φ(ρ) ∝ K0(ρ/atr), atr =

√
h̄2

2mEb,T

ρ = re − rx beyond short‐range: Fey et al. (2020); Efimkin et al. (2021)
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Fermi‐polaron concept (pedestrian approach)
J. Chem. Phys. 153, 034703 (2020)Exciton‐electron scattering matrix

G(ε, k) =
1

ε − E− h̄2k2
2mx

+ i0

T(ε, k) = V+ V∑
p
(1− np)G

(
ε − h̄2p2

2me
, k− p

)
T(ε, k)

Eb,T ≈ Eb,X exp
( 1
DV

)

...

X

e

e
h

...

X

=

X

e

X

T

Fermi‐polarons

Σ = ∑
k
nkT ≈ NeT

h̄ω = EX − Ebb,T −
EF
Eb,T

f =
EF
Eb,T

fX

= =

Suris (2001, 2003); Schmidt et al. (2012); Efimkin & MacDonald (2017)

Ansatz manybody wavefunction
Ψk = φ(k)X†

k|0⟩+ ∑
p,q

Fp,q(k)X†
k+q−pe

†
p︸ ︷︷ ︸

trion

eq︸︷︷︸
FS−hole

|0⟩

Suris (2003), Chevy (2006)
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Trions in van der Waals antiferromagnet CrSBr: theory

Strongly anisotropic spectrum + spin‐layer lockingExcitons and trions in CrSBr bilayers

by courtesy of Marina Semina
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Scattering rates
Emission Absorption

Quasi‐elastic scattering
at kBT ≫ Ms2 ∼ 100 µeV the involved phonon energy h̄Ωq ≪ kBT
(M is the exciton mass, s is the speed of sound)

1
τp

=
2π

h̄ ∑
q
|Mq

k′k|
2(1− cos θ)(1+ 2nq)δ(Ek − E′k) = c

kBT
h̄

(c ∼ 1)

Energy relaxation rate:
1
τϵ

=
2M2(Dc − Dv)2

h̄3ρ
∼ 1

10 ps ≪ 1
τp

@ T ≳ 2 K
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Time scales
Quasielasticity:

∆ϵ ∼
√
kBTMs2 ≪ kBT ⇒ δϵ2(t) ∼ (∆ϵ)2

t
τ

Momentum relaxation time

τ =
Ms2

kBT
τ0, τ−1

0 =
M2(Ξc − Ξv)2

ρh̄3

Energy relaxation time

δϵ(τϵ) ∼ kBT ⇒ τϵ =
τ0
2 ≫ τ

τϵ ≫ τϕ ≫ τ

Phase relaxation time Altshuler, Aronov, Khmelnitsky (1981)

δϵ(τϕ) ∼
h̄
τϕ

⇒ τϕ ∼
[

h̄2τ0
(kBT)2

]1/3

⇒
τϕ

τ
∝ T1/3

Acoustic phonon scattering: quantum effects get stronger with the temperature increase
Golubentsev (1984); Afonin, Galperin, Gurevich (1985); Adams, Paalanen (1987); Stephen (1987); Dyakonov, Kopelevich (1988) 63



Various scattering mechanisms

Scattering mechanism Dcl(T) τϕ/τ δD(T) < 0
LA T0 T1/3 ↓

LA + disorder T T−2/3 ↑
flexural, 1ML T0 T0 const

flexural, 2ML, T < T0 T0 T2/3 ↓
flexural, 2ML, T > T0 T3/2 T−5/6 ↑

LA, overdamped T0 T1/2 ↓
LA + free e/h T0 T/n ↓

APL 121, 192106 (2022)
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Effective magnetic field: details

Pseudospin Hamiltonian H =
h̄
2 (σ̂ · Ω)

Ωx = A(K)(K2x − K2y ) + B(uxx − uyy)
Ωy = 2A(K)KxKy + 2Buxy
Ωz = C[(uxx − uyy)Kx − 2uxyKy]

C = 0 C ̸= 0

Splitting at K = 0, formation of Dirac points at K ̸= 0
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